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1 Introduction 

Since Gromov introduced his pseudo-holomorphic curve theory in the 80's, pseudo-holomorphic 
curve has soon become an eminent technique in symplectic topology. Many important theorems in 
this field have been proved by this technique, among them, the squeezing theorem |]Gr|, the rigidity 



theorem 0, the classification of rational and ruled symplectic 4-manifolds |M2|, the proof of the 



existence of non-deformation equivalent symplectic structures [E12]. The pseudo-holomorphic curve 
also plays a critical role in a number of new subjects such as Floer homology theory,etc. 

In the meantime of this development, a great deal of efforts has been made to solidify the 
foundation of pseudo-holomorphic curve theory, for examples, McDuff 's transversality theorem for 
"cusp curves" ||M1| ] and the various proofs of Gromov compactness theorem. In the early day 
of Gromov theory, Gromov compactness theorem was enough for its applications to symplectic 
topology. However, it was insufficient for its potential applications in algebraic geometry, where 
a good compactification is often very important. For example, it is particularly desirable to tie 
Gromov-compactness theorem to the Deligne-Mumford compactification of the moduli space of 
stable curves. Gromov's original proof is geometric. Afterwards, many works were done to prove 
Gromov compactness theorem in the line of Uhlenbeck bubbling off. It was succeed by Parker- 



Wolfson |PW| and Ye fYg j. One outcome of their work was a more delicate compactification of 



the moduli space of pseudo-holomorphic maps. But it didn't attract much attention until several 



years later when Kontsevich and Manin |KM| rediscovered this new compactification in algebraic 
geometry and initiated an algebro-geometric approach to the same theory. Now this new compact- 
ification becomes known as the moduli space of stable maps. The moduli space of stable maps is 
one of the basic ingredients of this paper. 

During last several years, pseudo-holomorphic curve theory entered a period of rapid expansion. 
We has witnessed its intensive interactions with algebraic geometry, mathematical physics and re- 
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cently with new Seiberg-Witten theory of 4- manifolds |T2]. One should mention that those recent 
activities in pseudo-holomorphic curve theory did not come from the internal drive of symplectic 
topology. It was influenced mostly by mathematical physics, particularly, Witten's theory of topo- 
logical sigma model. Around 1990, there were many activities in string theory about "quantum 
cohomology" and mirror symmetry. The core of quantum cohomology theory is so called "counting 
the numbers of rational curves". Many incredible predictions were made about those numbers in 
Calabi-Yau 3-folds, based on results from physics. But mathematicians were frustrated about the 
meaning of the so-called "number of rational curves" . For example, the finiteness of such number 
is a well-known conjecture due to H. Clemens which concerns simplest Calabi-Yau 3-folds-Quintic 
hypersurface of P*^. It was even worse that some Calabi-Yau 3- fold never has a finite number of 
rational curves. One of the basic difficulties at that time was that people usually restricted their 
attention to Kahler manifolds, where the complex structure is rigid. On the other hand, the ad- 
vantage of pseudo-holomorphic curves is that we are allowed to choose almost complex structures, 
which are much more flexible. Unfortunately, the most of those exciting developments were little 



known to symplectic topologists. In [Rl], the author brought the machinery of pseudo-holomorphic 
curves into quantum cohomology and mirror symmetry. Using ideas from Donaldson theory, the 
author provided a rigorous definition of the symplectic invariants corresponding the "numbers of 
rational curves" in string theory. Moreover, the author found many applications of new symplectic 



invariants in symplectic topology [Rl], |R2|, [RS]. These new invariants are called "Gromov-Witten 
invariants" . 

Gromov-Witten invariants are analogous of invariants in the enumerative geometry. However, 
the actual counting problem (like the numbers of higher degree rational curves in quintic three- 
fold) did not attract much of attention before the discovery of mirror symmetry. In general, these 
numbers are difficult to compute. Moreover, computing these number didn't seems to help our un- 
derstanding of Calabi-Yau 3-folds themself. The introduction of quantum cohomology hence opened 
a new direction for enumerative geometry. According to quantum cohomology theory, these enu- 
merative invariants are not isolated numbers; instead, they are encoded in a new cohomological 
structure of underline manifold. Note that the quantum cohomology structure is governed by the 
associativity law, which corresponds to the famous composition law of topological quantum field 
theory. Therefore, it would be very important to put quantum cohomology in a rigorous mathe- 
matical foundation. It was clear that the enumerative geometry is not a correct framework. (For 
example, the associativity or composition law of quantum cohomology computes certain higher 
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genus invariants, which are always different from enumerative invariants). Based on |R1|, a correct 
mathematical framework were layed down by the author and Tian [|RT1[| , [RT2] in terms of per- 
turbed holomorphic maps. By proving the crucial associativity law, we put quantum cohomology 
in a solid mathematical ground. A corollary of the proof of associativity law is a computation 
of the number of rational curves in P" and many Fano manifolds by recursion formulas. Such a 
formula for was first derived by Kontsevich, based on associativity law predicted by physicists. 
It should be pointed out that the entire pseudo-holomorphic curve theory were only established for 
so-called semi-positive symplectic manifolds. They includes most of interesting examples like Fano 
and Calabi-Yau manifolds. But, semipositivity is a significant obstacle for some of its important 
applications like Arnold conjecture and birational geometry. 

Stimulated by the success of symplectic method, the progreses have been made on algebro- 
geometrical approach. An important step is Kontsevich-Manin's initiative of using stable (holo- 
morphic) maps. The genus stable map works nicely for homogeneous space. For example, the 



moduli spaces of genus stable maps always have expected dimension. Many of results in |R1|, 
| RT1 ] were redone in this category by | KM[ , [ LT1 |. It was soon realized that moduli spaces of 
stable maps no longer have expected dimension for non-homogeneous spaces, for example, pro- 



jective bundles [QRj. To go beyond homogeneous spaces, one needs new ideas. A breakthrough 
came with the work of Li and Tian p^T2[ |, where they employ a sophisticated excessive intersec- 
tion theory (normal cone construction) (see another proof in Q). As a consequence, Li and Tian 
extended GW-invariant to arbitrary algebraic manifolds. In the light of these new developments, 
three obvious problems have emerged: (i) to remove semi-positivity condition in Gromov-Witten 
invariants; (ii) to remove semi-positive condition in Floer homology and solve Arnold conjecture, 
(iii) to prove that symplectic GW-invariants are the same as algebro-geometric GW-invariants for 
algebraic manifolds. We will deal with first two problems in this article and leave the last one to 
the future research. 

Recall that, the fundamental difficulty for pseudo-holomorphic curve theory on non-semi-positive 
symplectic manifolds is, that A4 — Ai may have arger dimension than that of A4, where A4 is the 
moduli space of pseudo-holomorphic maps and is a compactification. One view is that this is 
due to the reason that the almost complex structure is not generic at infinity. To deal with this 



non-generic situation, the author's idea |R3| (Proposition 5.7) was to construct an open smooth 
manifold (virtual neighborhood ) to contain the moduli space. Then, we can work on virtual neigh- 



borhood, which is much easier to handle than the moduli space itself. In |R4|, the author outlined 
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a scheme to attack the non-generic problems in Donaldson-type theory using virtual neighborhood 
technique. Moreover, author applied virtual neighborhood technique to monopole equation under 
a group action. Further application can be found in [KW|. But the case in |R4| is too restricted 
for pseudo-holomorphic case. Recall that in |R4], we work with a compact-smooth triple {B,J-,S) 
where ;B is a smooth Banach manifold (configuration space), ^ is a smooth Banach bundle and S 
is a section of J- such that the moduli space M = S^^{0) is compact. Monopole equation can be 
interpreted as a smooth-compact triple. However, in the case of pseudo-holomorphic curve, S'^^(O) 
is almost never compact in the configuration space. Furthermore, {B, J-) is often not smooth, but 
a pair of IZ-manifold and ^-bundle. To overcome these difficulty, we need to generalize the virtual 
neighborhood technique to handle this situation. An outline of such a generalization were given in 



Another purpose of this paper is to construct an equivariant quantum cohomology theory. For 
this purpose, we need to study the GW-invariant for a family of symplectic manifolds. We shall 
work in this generality throughout the paper. Let's outline a definition of GW-invariant over a 
family of symplectic manifolds as follows. 

Let P : y — > X be a fiber bundle such that both the fiber V and the base X are smooth compact, 
oriented manifolds. Furthermore, we assume that P : y — > X is an oriented fibration. Then, Y is 
also a smooth, compact, oriented manifold. Let a; be a closed 2-form on Y such that lo restricts to 
a symplectic form over each fiber. A w-tamed almost complex structure J is an automorphism of 
vertical tangent bundle such that = —Id and oj{X, JX) > for vertical tangent vector X ^ 0. 
Let A G H2(y,Z) C H2{Y,Z). Let M.g,k be the moduli space of genus g Riemann surfaces with 
fe-marked points such that 2g + k > 2 and Mg^k be its Deligne-Mumford compactification. Suppose 
that / : S ^ y (S € Mg^k) is a smooth map such that im{f) is contained in a fiber and / satisfies 
Cauchy Riemann equation djf = with [/] = A. Let A^a(^j5) J) be the moduli space of such 
/. First we need a stable compactification of JV[j^(Y,g^ k, J). Roughly speaking, a compactification 
is stable if its local Kuranish model is the quotient of vector spaces by a finite group. In our case, 
it is provided by the moduli space of stable holomorphic maps ^AAiY,g, k, J). 

There are two technical difficulties to use virtual neighborhood technique to the case of pseudo- 
holomorphic curve. The first one is that there is a finite group action on its local Kuranish model. 
An indication is that we should work in the V-manifold and V-bundle category. As a matter of 
fact, it is easy to extend virtual neighborhood technique to this category. However, the finite 
dimensional virtual neighborhood constructed is a V-manifold in this case. It is well-known that 



4 



the ordinary transversality theorem fails for V-manifolds. We wih overcome this problem by using 
differential form and integration. We shall give a detail argument in section 2. The second problem 
is the failure of the compactness of M.A{y,9,k). To include AiAiY, 9, k), we have to enlarge our 
configuration space to BA(X,g, k) of C°°-stable ( holomorphic or not) maps. Then, the obstruction 
bundle TAiy,g,k) extends to J^Aiy,9,k) over BAiY, 9, k). Therefore, we obtained a compact 
triple {BA{Y,g,k),TA{Y,g,k),S), where S is Cauchy-Riemann equation. We want to generalize 
the virtual neighborhood technique to this enlarge space. Recall that for virtual neighborhood 
technique, we construct some stablizations of the equation Se = S+s, which must satisfy two crucial 
properties: (1) {x;Coker6x{S + s) = 0} is open; (2)If 5 + s is a transverse section, U = {S + s)~^{0) 
is a finite dimensional smooth V-manifold. By using gluing argument, we can construct a local 
model of U (local Kuranish model). (2) is equivalent to that the local Kuranish model is a quotient 
of vector spaces by a finite group. By definition, it means that our compactification has to be 
stable. Finally, we need an additional argument to prove that the local models patch together 
smoothly. We call a triple satisfying (1), (2) virtual neighborhood technique admissible or VNA. 

Suppose that S is already transverse. A4{Y,g,k) is naturally a stratified space whose stratifi- 
cation coincides with that of BaIY, g,k). The attaching map of BA(Y,g,k) is defined by patching 
construction. The gluing theorem shows that if we restrict ourself to stable holomorphic maps 
one can deform this attaching map slightly such that the image of stable holomorphic maps is 
again holomorphic. The deformed attaching map gives a local smooth coordinate of A4AiY,g, k). 
Although it is not necessary in virtual neighborhood construction, one can also attempt to deform 
the whole attaching map by the same implicit funtion theorem argument. Then, it is attempting to 
think (as author did) that the deformed attaching map will give a smooth coordinate of S^(y, g, k). 
It was Tian who pointed out the author that this is false. However, it is natural to ask if there is 
any general property for such an infinite dimensional object. Indeed, some elegant properties are 
formulated by Li and Tian | LT3| ] and we refer reader to their paper for the detail. 



Applying virtual neighborhood technique, we construct a finite dimensional virtual neighbor- 
hood {U,F,S). More precisely, U is covered by finite many coordinate charts of the form Ui/Gi 
(i = 1, . . . , m) for Up C J{,*"'^+™ and a finite group Gp. F is a V-bundle over U and S -.U ^ F \s a, 
section. On the other hand, the evaluation maps over marked points define a map 

(1.1) E,^k:BA{Y,g,k)^Y\ 
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We have another map 

(1.2) x--BA{Y,g,k)^Mg^k. 

Recall that Mg^k is a V-manifold. To define GW-invariant, choose a Thorn form Q supported in a 
neighborhood of zero section. The GW-invariant can be defined as 

(1.4) ^l^^g^,^{K;ai,---,ak)= I x*{K) ^%kT{oi^ ^ S*e. 

JU ■ 

for ai G H*{Y,'R) and K € H*{Mg^k,^) represented by differential form. Clearly, = H 
J2 deg{ai) + deg{K) ^ ind. 

Recall that H*{Y,'R) has a modular structure by P*a for a G H*{X,YCj. In this paper, we 
prove the following, 

Theorem A (Theorem 4.2): (i).'^J^j^ ^ ^^{K^ai,- ■ ■ ,ak) is well-defined. 

(a). g k)(^'^ CKi) ■ ■ ■ ) CKfc) is independent of the choice of virtual neighborhoods. 

(Hi). "i^J^ g j^^{K;ai, ■ ■ ■ ,ak) is independent of J and is a symplectic deformation invariant. 

(iv). When Y = V is semi-positive, ^ fc)(-^! cti, • ' ' ) «fe) agrees with the definition of j-RTI /. 

('")■ ■ • >"i UP*a, • • ■ ,ak) = '^J^g,^^{K;ai, ■■■,ajU P*a, ■■■,ak) 

Furthermore, we can show that ^ satisfies the composition law required by the theory of sigma 
model coupled with gravity. Assume g = gi + g2 and k = ki + k2 with 2gi + ki > 3. Fix a 
decomposition 5 = 5*1 U 5*2 of {!,••• , A;} with l^jl = ki. Then there is a canonical embedding 
^5 : -A^gi.fci+i X ■^g2,fc2+i ^ ■^g,k, which assigns to marked curves x\, ■ ■ ■ , xl_^^-^ 

) (^ = 1,2), 

their union Si U T,2 with xj^_^_^_-^ identified to x1^_^_-^ and remaining points renumbered by {1, • ■ ■ , k} 
according to S. 

There is another natural map fi : ^Ag-l^k+2 ^ ■^g,k by gluing together the last two marked 
points. 

Choose a homogeneous basis {l3h\i<b<L of H^:{Y, Z) modulo torsion. Let (ryafo) be its intersection 
matrix. Note that rjab = (3a ■ (3b = if the dimensions of (3a and (3b are not complementary to each 
other. Put (r/*^^) to be the inverse of {r]ab)- Now we can state the composition law, which consists 
of two formulas as follows. 

Theorem B. (Theorem 4.7) Let [Ki] G H^Mg^^k^+uQ) (i = 1,2) and [Kq] G H^(Mg-i,k+2,Q)- 
For any ai, • • • , i'Ti H^{V, Z). Then we have 
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(1.5) 

A=Ai+A2 a,b 

(1-6) *(A,g,fe)(M4^o]; «i, • • • , afc) = ^ *(^,5-i,fc+2)([^o]; ai, • • • , ak,Pa,Pb)t'' 

a,b 

There is a natural map vr : Aig^k ■M.g,k-i as follows: For (S, • • • , .x^) € M.g,k: if a^fe is not 
in any rational component of E which contains only three special points, then we define 

7r(S, xi, • • • , Xfc) = (S, xi, • • • , 

where a distinguished point of S is either a singular point or a marked point. If Xk is in one of 
such rational components, we contract this component and obtain a stable curve (S', xi, • • • , Xk-i) 
in Mg^k-i, and define 7r(S, xi,--- ,Xk) = (S', xi,--- , Xk-i). 

Clearly, tt is continuous. One should be aware that there are two exceptional cases {g, k) = 
(0,3), (1, 1) where tt is not well defined. Associated with vr, we have two k-reduction formula for 
^U,9,k) ^ following: 

Proposition C (Proposition 4.4). Suppose that {g,k) ^ (0,3), (1,1). 

(1) For any ai, - ■ ■ ,ak-i in H^(Y,Z), we have 

(1-7) ^lA,g,k)iK;cxi,---,ak-iAV]) = ^lA,g,k-i)i[MK)];ai, - ■ ■ ,ak-i) 

(2) Let ak be in H2n-2{Y, Z), then 

(1-8) '^lA,g,k)i^*iKy,ai,---,ak-i,ak) = 4(A)*f^^g^fc_i)(iC; ai, • • • , afe_i) 

where aj^ is the Poincare dual of ak- 

When Y = V, is the ordinary GW-invariants. Therefore, we establish a theory of topological 
sigma model couple with gravity over any symplectic manifolds. 

It is well-known that GW-invariant can be used to define a quantum multiplication. Let's briefly 
sketch it as follows. First we define a total 3-point function 

(1.9) ■^^{ai,a2,a3) = ^^'(^_0 3)(pt;Q;i,Q;2,a3)g^, 

A 
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where q"^ is an element of Novikov ring A^j (see |RT1], [|MS| ). Then, we define a quantum multipli- 
cation a Xq j3 over A^^) by the relation 

(1.10) (axQ/3)U7[y] = ^'j;(ai,a2,«3), 

where U represents the ordinary cup product. As a consequence of Theorem B, we have 

Proposition D: Quantum multiplication is associative over any symplectic manifolds. Hence, 
there is a quantum ring structure over any symplectic manifolds. 

Given a periodic Hamiltonian function H : x V ^ V, we can define the Floer homology 
HF(y,H), whose chain complex is generated by the periodic orbits of H and the boundary maps 
are defined by the moduli spaces of flow lines. So far, Floer homology HF{V, H) is only defined for 
semi-positive symplectic manifolds. Applying virtual neighborhood technique to Floer homology, 
we show 

Theorem E: Floer homology HF{V, H) is well-defined for any symplectic manifolds. Furthermore, 
HF(y, H) is independent of H . 

Recall that Floer homology was invented to solve the 

Arnold conjecture: Let (/> be a non-degenerate Hamiltonian symplectomorphism. Then, the 
number of the fixed points of is greater than or equal to the sum of Betti number of V . 

As a corollary of Theorem E, we prove the Arnold conjecture 

Theorem F: Arnold conjecture holds for any symplectic manifolds. 

In this paper, we give another application of our results in higher dimensional algebraic ge- 
ometry. It was discovered in [ |R3| ] that symplectic geometry has a strong connection with Mori's 
birational geometry. An important notion in birational geometry is uniruled variety, generalizing 
the notion of ruled surfaces in two dimension. An algebraic variety V is uniruled iff V is covered by 
rational curves. Kollar [Kl| proved that for 3- folds, uniruledness is a symplectic property. Namely, 



if a 3- fold W is symplectic deformation equivalent to an uniruled variety y, is uniruled. To 
extend Kollar's result, we need a symplectic GW-invariants defined over any symplectic manifolds 
with certain property (Lemma 4.10). We will show that our invariant satisfies this properties. By 
combining with Kollar's result, we have 

Proposition G: // a smooth Kahler manifold W is symplectic deformation equivalent to a uniruled 
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variety, W is uniruled. 

An important topic in quantum cohomology theory is the equivariant quantum cohomology 
group QHciV), which generahzes the notion of equivariant cohomology. Suppose that a compact 
Lie group G acts on V as symplectomorphisms. To define equivariant quantum cohomology, we 
first have to define equivariant GW-invariants. There are two approaches. The first approach is 
to choose a G-invariant tamed almost complex structure J and construct an equivariant virtual 
neighborhood. Then, we can use finite dimensional equivariant technique to define equivariant 
GW-invariant. This approach indeed works. But a technically simpler approach is to consider 
equivariant GW-invariant as the limit of GW-invariant over the families of symplectic manifolds. 



This approach was advocated by Givental and Kim | GK ]. We shall use this approach here 



Let BG be the classifying space of G and EG BG be the universal G-bundle. Suppose that 

(1.11) BGi C BG2 • • • C BGm C BG 

such that BGi is a smooth oriented compact manifold and BG = UiBGi. Let 

(1.12) EGi C EG2 • • • C EG„, C BG 

be the corresponding universal bundle. We can also form the approximation of homotopy quotient 
Vg = V X EG/G hy Vq = V X EGi/G. Since co is invariant under G, its pull-back on y x EGi 
descends to Vq. So, we have a family of symplectic manifolds Pi : BGi. Applying our 



previous construction, we obtain GW-invariant u\. We define equivariant GW-invariant 



(1.13) ^f^^g^,) G Hom{{H*{VG, Z))«'= ® H*{Mg,k, Z), H*{BG, Z)) 
as follow: 

For any D G H^{BG, Z), D G H^{BGi, Z) for some i. Let iy^ : Vq. For Oi G H'^iV), we 

define 

(1.14) ^&,,,fe)(i^, ai, • • • , »k){D) = <A,,,fc)(i^, iv^ (ai), • • • , iv^M, P*iD%aJ), 
where D*qq, is the Poincare dual of D with respect to BGi. 

Theorem G: (i). ^[^^fc) is independent of the choice of BGi. 

(a). If uJt is a family of G -invariant symplectic forms, ^(^^^^ is independent of ujt- 
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Recall that equivariant cohomology ring Hq{X) is defined as H*{Vg)- Notes that, for any 
equivariant cohomology class a € Hq{V), 

(1.15) a[V] G H*{BG) 

instead of being a number in the case of the ordinary cohomology ring. Furthermore, there is a 
modulo structure by HQ{pt) = H*{BG), defined by using the projection map 

(1.16) Vg BG. 

The equivariant quantum multiplication is a new multiplication structure over Hq{V, A^) = H*{Vg, A^^ 
as follows. We first define a total 3-point function 

(1.17) *(^,^)(ai,a2,cv3) = Xl'^(A,o,3)(^'*;«l'«2,a3)g'^■ 

yl 

Then, we define an equivariant quantum multiplication by 

,0:2,0:3). 

Theorem I: (i) The equivariant quantum multiplication is commutative with the modulo structure 
ofH*{BG). 

(a) The equivariant quantum multiplication is skew- symmetry. 

(Hi) The equivariant quantum multiplication is associative. 

Hence, there is a equivariant quantum ring structure for any G and symplectic manifold V 

Equivariant quantum cohomology has already been defined for monotonic symplectic manifold 



by Lu [Lu 



The paper is organized as follows: In section 2, we work out the detail of the virtual neigh- 
borhood technique for Banach V-manifolds. In section 3, we prove that the virtual neighborhood 
technique can be applied to pseudo-holomorphic maps. In the section 4, we prove Theorem A, B, 
C, D, H and I. We prove Theorem E, Corollary F in section 5 and Theorem G in section 6. 

The results of this paper was announced in a lecture at the IP Irvine conference in the end of 



March, 96. An outline of this paper was given in |R4|. During the preparation of this paper, we 
received papers by Fukaya and Ono [|FQ|| , B. Seibert ||^, Li-Tian [ LT3 |, Liu-Tian, were informed by 
Hofer/Salamon that they obtained some of the results of this paper independently using different 
methods. The author would like to thank G. Tian and B. Siebert for pointing out errors in the first 
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draft and B. Siebert for suggesting a fix (Appendix) of an error in Lemma 2.5. The author would 
hke to thank An-Min Li and Bohui Chen for the valuable discussions. 



2 Virtual neighborhoods for V-manifolds 

As we mentioned in the introduction, the configuration space BA(X,g,k) is not a smooth Banach 
V-manifold in general. But for the purpose of virtual neighborhood construction, we can treat it 
as a smooth Banach V-manifold. To simplify the notation, we will work in the category of Banach 
V-manifold in this section and refer to the next section for the proof that the construction of this 
section applies to <?, k, J). 



V-manifold is a classical subject dated back at least to | Sal |. Let's have a briefly review about 
the basics of V-manifolds. 

Definition 2.1: (i).A Hausdorff topological space M is a n- dimensional V-manifold if for every 
point X € M, there is an open neighborhood of the form Ux/Gx where Ux is a connected open 
subset of R" and Gx is a finite group acting on Ux diffeomorphic-ally. Let px : Ux — Ux/Gx be 
the projection. We call {Ux,Gx,Px) o- coordinate chart of x. If y ^ Ux/Gx and (Uy,Gy,py) is 
a coordinate chart of y such that Uy/Gy C Ux/Gx, there is an injective smooth map Uy — > Ux 
covering the inclusion Uy/Gy Ux/Gx- 

(a). A map between V-manifolds h : M ^ M' is smooth if for every point x G M, there are local 
charts {Ux^Gx^Px)i{U'h{x)^^'h{x)-'P'h{x)) ofx,h{x) such that locally h can be lift to a smooth map 

h:Ux ^ U'f^i^x) ■ 

(iii).P : E ^ M is a V-bundle if locally P^^{Ua/Ga) can be lift to Ua x R-^- Furthermore, the 
lifting of a transition map is linear on . 

Furthermore, we can define Banach V-manifold, Banach V-bundle in the same way. 

An easy observation is that we can always choose a local chart {Ux-; Px) of X such that Gx is 
the stabilizer of x by shrinking the size of Ux- Furthermore, we can assume that Gx acts effectively 
and Ux is an open disk neighborhood of the origin x in a linear representation (Ga;,R"). We call 
such a chart a good chart and Gx a local group. 

Notes that if 5 is a transverse section of a V-bundle, then 5^^(0) is a smooth V-sub-manifold. 
But, it is well-known that the ordinary transversality theorems fail for V-manifolds. However, the 
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differential calculus (differential form, orientability, integration, de Rham theory) extends over V- 
manifolds. Moreover, the theory of characteristic classes and the index theory also extend over V 
manifolds. We won't give any detail here. Readers can find a detail expository in |Sal], |Sa2]. In 



summary, if we use differential analysis, we can treat a V-manifold as an ordinary smooth manifold. 
To simplify the notation, we will omit the word "V-manifold" without confusion when we work on 
the differential form and the integration. 

Definition 2.2: We call that M to be a fine V-manifold if any local V -bundle is dominated by a 
global oriented V -bundle. Namely, Let Ua Xp^ ^/Ga be a local V-bundle, where pa ■ Ga GL{E) 
is a representation. There is a global oriented V-bundle E ^ M such that Ua Xp^ Ea/Ga is a 
subbundle of Eu^jq^ . 

By a lemma of Siebert (Appendix), BAiY,g, k) is fine. 

In the rest of the section, we will assume that all the Banach V-manifolds are fine 

Let ;B be a fine Banach V-manifold defined by specifying Sobolov norm of some geometric object. 

Let ^ B he a Banach V-bundle equipped with a metric and S : B ^ he a smooth section 

defined by a nonlinear elliptic operator. 

Definition 2.3: S is a proper section if {x; ||5(x)|| < C} is compact for any constant C. We call 
J^s = '5^^(0) the moduli space of F. We call {B,T,S) a compact- V triple if B,J^ is a Banach 
V-pair and S is proper. 

When S is proper, it is clear that Ms is compact. 

Definition 2.4: Let M be a compact topological space. We call (U, E, S) a virtual neighborhood 
of M if U is a finite dimensional oriented V-manifold (not necessarily compact), E is a finite 
dimensional V-bundle of U and S is a smooth section of E such that 5^"'^(0) = M. Suppose that 
^(t) — Ut -^t ^ ^-^ compact. We call (C/(^), S'((), i?(()) a virtual neighborhood cobordism if Uf^f-j is 
a finite dimensional oriented V-manifold with boundary and i?^^) is a finite dimensional V-bundle 
and S(^t) is a smooth section such that S(^^{0) = Mi^iy 

Let Lx he the linearlization 
(2.12) <55, : T.,B ^ .F,, 

where the tangent space of a V-manifold at x means the tangent space of Ua at x where Ua/Ga is 
a coordinate chart at x. Then, Lx is an elliptic operator. When CokerLx = for every x ^ ^A, S 
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is transverse to the zero section and Ais = «S~^(0) is a smooth V-manifold of dimension ind{Lx). 
The case we are interested in is the case that CokerLx ^ and it may even jump the dimension. 
The original version of following Lemma is erroneous. The new version is corrected by B. Siebert 
(appendix) . 

Lemma 2.5: Suppose that {B,!F,S) is a compact-V triple. There exists an open setlA such that 
Ms CU C B and a finite dimensional oriented V-bundle £ overU with a V-bundle map s : £ ^ Tu 
such that 

(2.13) L^ + s{x,v):T^U®£^J^ 

is surjective for any x &U. Furthermore, the linearlization of s is a compact operator. 

Proof: For each x G Ms, there is a good chart {UxiGx,Px)- Suppose that is open 
disk of radius 1 in H for some Banach space H. Let {J^fj^Gx^i^x) be the corresponding chart of 
T. Let Hx = CokerLx. Then, Gx acts on Hx- Since Ms is compact, there is a finite cover 
{{^Uxi,Gx^,Pxi)}T- Each ^IJxi X HxJGxi is a local V-bundle. Since B is fine, there exists an 
oriented global finite dimensional V-bundle £i over 

U = [^^ \Uxi such that \Uxi x HxJGx^ IS a 

subbundle of (£^i)| 1 jy^^ YGa,. • 

(2.14) £ = ®i£i. 

Next, we define s. Each element w of Hx can be extended to a local section of J^ry . Then one 
can multiply it by a cut-off function ^ such that = outside of the disk of radius | and = 1 
on ^Uxf. Then, we obtain a section supported over [4. (still denoted it by s). Define 

(2.15) Si{x,w) = s{x). 
Then, 

(2-16) Si{x,w) = --^ i9i)~^s{9i{x),9i{w)). 

By the construction, Sj descends to a map Uxi x HxJGxi — > ^Ux^- Clearly, Sj can be viewed as a 
bundle map from £i to since it is supported in [4.. Moreover, 

(2.17) s{xi,w) : {£i)xi Hx^ C J^xi 

is projection. Then, we define 
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By (2.17), Lx + Si is surjective at Xj and hence it is surjective at a neighborhood of Xi. By shrinking 
Uxi, we can assume that + Si is surjective over ^[/^j. Hence, + s is surjective over U. We 
have finished the proof. □ 

Next we define the extended equation 

(2.18) Se-.S^T 

by 

(2.19) Se.{x,w)=S{x) + s{x,w) 

for w ^ Er^. We call that s a stabilization term and <Se a stabilization of S. can be identified 
with a section of 7r*jr where tt : £ U is the projection. We shall use the same S^, to denote 
the corresponding section. Notes that Ms C 5~^(0), where we view U as the zero section of £. 
Moreover, its linear lization 

(2.20) {5Se)(x,o){o:,u) = Lx{a) + s{x,u). 

By lemma 2.5, it is surjective. Hence, Sg is a transverse section over a neighborhood of Ms- Since 
we only want to construct a neighborhood of Ms, without the loss of generality, we can assume 
that 5e is transverse to the zero section of 7r*J^. Therefore, 

(2.21) U = {S + s)-^{0) CS 

is a smooth V-manifold of dimension ind{Lx) + dimS. Clearly, 

(2.22) Ms C U. 

Lemma 2.5: If det{LA) has a nowhere vanishing section, it defines an orientation ofU. 

Proof: T(^x,w)U = Ker{6Sv) and Coker{6Sy) = by the construction. Hence, an orientation 
of U is equivalent to a nowhere vanishing section of det{ind{5Sy)) . 

(2.13) {5Sy)(^x,w){<^,u) = Lx{a) + s{x,u) + 5s(^x,w){ot). 
Let 

(2.14) {5*Sy)(x,w){<^,u) = Lx{a) +ts{x,u) + t6s^x,w){a)- 
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Then, 



det{ind{5Sv)) = det{ind{5* S^)) = det(ind{S^ Sy)) = det{ind{Lx)) (8) det{£). 



Therefore, a nowhere vanishing section of det{ind{LA)) decides an orientation of U. □ 
Furthermore, we have the inclusion map 



(2.25) 



S : U 



which can be viewed as a section of £^ = tt' 



■*£. S is proper since S is proper. Moreover, 



(2.26) 



(0) = Ms. 



Here, we construct a virtual neighborhood {U, E, S) of Ms- To simplify the notation, we will often 
use the same notation to denote the bundle (form) and its pull-back. 

Notes that for any cohomology class a G H*{B, Z), we can pull back a over U. Suppose that it 
is represented by a closed differential form on U (still denoted it by a) 

Definition 2.8: Suppose that det{ind{LA)) has a nowhere vanishing section so that U is oriented. 

(1) . If deg{a) ^ ind{LA), we define virtual neighborhood invariant fis to be zero. 

(2) . When deg{a) = ind{LA), choose a Thorn form supported in a neighborhood of zero section 
of E. We define 



Remark: In priori, is a real number. However, it was pointed to the author by S. Cappell that 
when a is a rational cohomology class, fJ-sict) is a rational number. This is because both U,E have 
fundamental classes in compacted supported rational homology. Then, fJ-sic^) can be interpreted as 
paring with the fundamental class in rational cohomology. 

Proposition 2.9: (1). jjis is independent ofQ,a. 

(2). Us is independent of the choice of s and £. 

Proof: (1). If G' is another Thom-form supported in a neighborhood of zero section, there is 
a {k — l)-form 9 supported a neighborhood of zero section such that 




(2.28) 



e - e' = de. 
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Then, 

(2.28) / aAS*e- f a A S*@' = / a A d{S*e) = f d{a A 3*6) = 0. 
Ju Ju Ju Ju 

If a' is another closed form representing the same cohomology class, it is the same proof to show 

(2.29) / aAS*e= [ a' A 5*6. 

Ju Ju 

To prove (2), suppose that {S' , s') is another choice and (U' , E' , S') is the virtual neighborhood 
constructed by {S', s'). Let 8' be the Thom form of E' supported in a neighborhood of zero section. 
Consider 

(2.30) 5^ = S + {l-t)s + ts' :£®£' X [0, 1] J^. 

Let {U(f-^,£ © £',S^f-^) be the virtual neighborhood cobordism constructed by Se\ By Stokes 
theorem, 

(2.31) / aAS^iSA®')- [ aASl{@Ae')= [ d{a A St.{e A &')) = 0, 

JUo JUi JU(t) ^ ' 

since both a and 6 A 6' are closed. It is easy to check that Uq = Tr*E' where n : E —>■ U is the 
projection, Sq = S x Id. Therefore, 

(2.32) / 7r*a A5'^(e AG') = / aA5*(e)= / aAS*{Q). 

JUo Ju Ju 

In the same way, one can show that 

/ aASl{@Ae')= f aA{S'y{Q'). 
JUi Ju' 

We have finished the proof. □ 

Proposition 2.9: Suppose that St is a family of elliptic operators over J-'t — > Bt such that B^^f-j = 
U( Bf X {t} is a smooth Banach V-cobordism and T{t) = Ut -^t ^ {*} o, smooth V-bundle over 
B(^y Furthermore, we assume that Mg^^^ = {JtMst x {0 is compact. We call {B(t),J^(t),S(t)) a 
compact- V cobordism triple. Then fiso = HSi ■ 

Proof: Choose (f , s) of !F^t) ~^ ^{t) such that 

(2.33) 5{S^ + s) 

is surjective to ^U(^t) where M.S(^t) ^(t) ^ ^{t)- Repeating previous argument, we construct a 
virtual neighborhood cobordism {U(j^),E(j^yS{t-)). Then, it is easy to check that {Uq, Eq, Sq) is a 
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virtual neighborhood of Sq defined by (<?o,s(0)) and {Ui, Ei, Si) is a virtual neighborhood of Si 
defined by (<?i,s(l)). Applying the Stokes theorem as before, we have = ^J-Si- ^ 

Recall that by [ pa2[ one can define connections and curvatures on a V-bundle. Then, charac- 
teristic classes can be defined by Chern-Weil formula in the category of V-bundle. Next, we prove 
a proposition which is very useful to calculate fis- 

Proposition 2.10: (1) If F is a transverse section, fis{c() = J_M^ct. 

(2) If CokerLA is constant and Ms is a smooth V-manifold such that dim{A4s) = ind{LA) + 
dimCokerLA, CokerLA forms an obstruction V-bundle Ti over Mg. In this case, 

(2.34) iis{a) = I e{n) Aa. 

JMs 



Before we prove the proposition, we need following lemma 

Lemma 2.11: Let E ^ M be a V-bundle over a V-manifold. Suppose that s is a transverse 
section of E. Then the Euler class e{E) is dual to s^^(O) in the following sense: for any compact 
supported form a with deg{a) = dimM — dim£', 

(2.35) / e(E) Aa= [ a. 

Jm Js-1(0) 



Proof: When dimH = dim A^^, it is essentially Chern's proof of Gauss-Bonnett theorem. By 
|^a2 |, Chern's proof in smooth case holds for V-bundle. For general case, it is an easy generalization 



of Chern's proof using normal bundle. We omit it. □ 

Proof of Proposition 2.10: (1) follows from the definition where we take k = 0. 

To prove (2) , let Ff, be the eigenspace of Laplacian LaL\ of an eigenvalue b. Since rank{CokerLA) 
is constant, there is a a Spcc^La) for A € Ms such that the eigenspaces 

(2.36) F<a = ®h<aFb = CokerLA 

has dimension dimCoker{LA) over A4s- Then, the same is true for an open neighborhood of Ms- 
Without the loss of generality, we can assume that the open neighborhood is U. Therefore -F<a 
form a V-bundle (still denoted by -F<a) over U whose restriction over Ms is H. In this case, we 
can choose s such that s € F<a and s satisfy Lemma 2.4. Let {U, E, S) be the virtual neighborhood 
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constructed from s. Recall that 

(2.37) U = {Se)-\0), 
where 

(2.38) Se = S + s. 
Let 

(2.39) P<a-:F^ F<a 
be the projection. Then, 

(2.40) Se = p<a{S + S) + {1- p<a){S + s) = p<a{S + s) + {\ - p<a){S). 

The last equation follows from the fact that s G F<a- So, >Se = iff 

(2.41) p<a{S + s) = and (1 - p<a){S) = 0. 

By our assumption, (1 — p<a)(<S) is transverse to the zero section over Ms since Coker{L^) = F<a- 
Therefore, we can assume that (1 — p<a){S) is transverse to the zero section over U. Hence, ((1 — 
P<a){S))~^ {Q) is a smooth V-manifold of dimension md(L^)+dimF<(j = m(i(L^)+dim CoA;er(L^). 
But 

(2.42) Ms^{{l-p<a){S))-\Q) 

is a compact submanifold of the same dimension. Then, Ms consists of the components of ((1 — 
p<a)(5))^^(0). In particular, other components are disjoint from Ms- Therefore, we can choose 
smaller U to exclude those components. Without the loss of generality, we can assume that 

(2.43) {{l-p<a){S)r\<S)=Ms. 
Since 5 = over Ms-, the first equation of (2.31)becomes 

(2.44) p<a{F + s) = s = 0. 
Therefore, U C and 

(2.45) U = s-^{<d). 

However, s is a transverse section by the construction. By Lemma 2.11, 

(2.46) [ aAS*{@)= [ 7r*(e(H) A a) A G = / e(H) A a, 
Ju Jems JMs 

since S : Ej^^ Ej^s is identity. Then, we proved (2). □ 
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3 Virtual neighborhoods of Cauchy-Riemann equation 

This is a technical section about the local structure of BA{Y,g, k) and Cauchy-Riemann equation. 
Roughly speaking, we will show that for all the applications of this article Ba(X-, g, k) behaves like a 
Banach V-manifold. Namely, 9, k) is VNA. If readers only want to get a sense of big picture, 

one can skip over this section. 

There are roughly two steps in the virtual neighborhood construction. First step is to define 
an extended equation Se by the stabilization. Then, we need to prove that (i) The set Us^^ = 
{XjCokerDxSv = 0} is open; (ii) Ug^ riS^^{0) is a smooth, oriented V-manifold. Ideally, we would 
like to set up some Banach manifold structure on our configuration space and treat Us^ n>S~^(0) as 
a smooth submanifold. However, there are some basic analytic difficulty against such an approach, 
which we will explain now. For BA{y, g, k), we allow the domain of the map to vary to accomendate 
the variation of complex structures of Riemann surfaces. Let's look at a simpler model. Suppose 
that TT : M — > AT be a fiber bundle with fiber F. We want to put a Banach manifold structure on 
UxGAf ^^(^~^(^))- ^ natural way is to choose a local triviahzation 7r~^{U) = U x F. It induces 
a triviahzation Ua;e?7 ^'^(^~^(-^)) ~^ U x C^{F). Then, we can use the natural Banach manifold 
structure on C^{F) to induce a Banach manifold structure on Uiec/ C''^(vr~^(x)). However, if we 
have a different local triviahzation, the transition function is a map g : U ^ Diff(F). The problem 
is that Diff{F) only acts on C^{F) continuously. For example, suppose that (f)t is a one-parameter 
family of diffeomorphisms generated by a vector field v. Then, the derivative of the path / o 
is v{f), which decreases the differentiability of / by one. So we do not have a natural Banach 
manifold structure on [j^^j^ C^{'k~^{x)) in general. It is obvious that we have a natural Frechet 
manifold structure on UaiGAf C'°°(7r~^(x)). However, we only care about the zero set M. of some 
elliptic operator Se defined over Frechet manifold [_]^^]^ C°°{t\'^^{x)). The crucial observation is 
that locally we can choose any local triviahzation and use Banach manifold structure induced from 
the local triviahzation to show that Mu = M. x C'^{F) is smooth. The elliptic regularity 
implies that M.u c U x C°°{F). Although the transition map is not smooth for C^{F), but it is 
smooth on Mu- Therefore, M.u patches together to form a smooth manifold. Our strategy is to 
define the extended equation Se over the space of C°°-stable map. In each coordinate chart, we 
enlarge our space with Sobolev maps. Then, we can use usual analysis to show that the moduli 
space can be given a local coordinate chart of a smooth manifold. Elliptic regularity guarantees 
that every element of the moduli space is indeed smooth. Then, we show that the moduli space in 
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each coordinate chart patches up to form a C -V-manifold. 

Suppose that {Y, w) is a family of symplectic manifold and J is a tamed almost complex struc- 
ture. Choose a metric tamed with J. 

Definition 3.1 ([PW], [Ye], [KM]). Let (S, {xj}) be a stable Riemann surface. A stable holo- 
morphic map (associated with {T,,{xi})) is an equivalence class of continuous maps f from S' to 
Y such that f has the image in a fiber of Y ^ X and is smooth at smooth points of T,' , where 
the domain S' is obtained by joining chains of 's at some double points of S to separate the two 
components, and then attaching some trees o/P^ 's. We call components ofTi principal components 
and others bubble components. Furthermore, 

(1) // we attach a tree of at a marked point Xi, then xi will be replaced by a point different 

from intersection points on some component of the tree. Otherwise, the marked points do not 
change. 

(2) The singularities of E' are normal crossing and there are at most two components intersecting 

at one point. 

(3) If the restriction of f on a bubble component is constant, then it has at least three special points 

(intersection points or marked points). We call this component a ghost bubble jP V[ "/. 

(4) The restriction of f to each component is J -holomorphic. 

Two such maps are equivalent if one is the composition of the other with an automorphism of the 
domain of f . 

If we drop the condition (4), we simply call f a stable map. Let ^AA{Y, g, k, J) be the moduli 
space of stable holomorphic maps and BAiY, g,k) be the space of stable maps. 

Remark 3.2: There are two types of automorphism here. LetAutj be the group of automorphisms 
(f) of the domain of f such that f o (p is also holomorphic. This is the group we need to module out 
when we define A4a{Y, g,k, J) and Ba{Y, g,k). It consists two kinds of elements. (1) When some 
bubble component is not stable with only one or two marked points, there is a continuous subgroup of 
PSL2C preserving the marked points. (2) Another type of element comes from the automorphisms 
of domain interchanging different components, which form a finite group. Let stbj be the subgroup 
of Autf preserving f. It is easy to see that stbj is always a finite group. Type (1) elements of stbf 
appear with multiple covered maps. 
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Proposition 3.3: BA{y,g,k) (whose topology is defined later) is a stratified Hausdorff Prechet 
V-manifold of finite many strata. 

The proof consists of several lemmas. 

Lemma 3.4: BA{Y,g,k) is a Hausdorff Prechet V-manifold for any 2g + k > 3 or g = 0,k < 

Proof: Recall 

(3.1) Ba{Y, g, k) = {(/, S); S e Mg,k, f-^^Y), 

F 

where — > means that the image is in a fiber. When 2g -\- k > is stable and Mg^k is a V- 

manifold. Hence, the automorphism group Aut^, is finite. Furthermore, there is a Auts-equivariant 
holomorphic fiber bundle 

such that Os/^'uis is a neighborhood of S in M.g^k and fiber ir^^ip) = b. Consider 

(3.2) Uj:j = {{b,hy,h:b-^Y,heC°^.} 

As we discussed in the beginning of this section, Usj has a natural Prechet manifold structure. 
Let stbf C Auts be the subgroup preserving /. One can observe that Usj/stbf is a neighborhood 
of (S,/) in Ba{Y, g, k). Hence, BA{Y,g,k) is a Frechet V-manifold. Since only a finite group is 
involved, BA(Y,g,k) is obviously Hausdorff. 

For the case g = 0,k < 2,A ^ 0, Sisno longer stable and the automorphism group Auts 
is infinite. Here, we fix our marked points at or 0, 1. First of all, stbf is finite for any / G 
Map^{Y,0,k) with A 7^0. 

Ba{Y, g, k) = Map^iY, 0, k)/Autj:. 
We first show that BA{Y,g, k) is Hausdorff. It requires showing that the graph 

(3.3) A = {(/, /r); / G Map5(y, 0, k), k G Autj:} 

is closed. Suppose that {f^fn'Tn) converges to (/, ^) uniformly for all its derivatives. We claim 
that {r„} has a convergent subsequence. Suppose that oo is one of marked point which fixes. 
They, r„ can be written as a„z + 6„ for a„ ^ 0. 

Suppose that r„ is degenerated. Then, (i)6 n, ^ OO, (ii) a,n > or (iii) (in >■ oo. In each case, 
we observe that converges pointwisely to r which is either a constant map taking value cx) or a 
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map taking two different values. Since converges uniformly, /nT„ converges to /r pointwisely. 
Hence, h = fr which is either a constant map or discontinous. We obtain a contradiction. Suppose 
that Tn converges to r. Then, /„t„ converges to fr. Therefore, A is closed. 
Notes that 

(3.4) \\df\\L2>u;{A). 

Choose the standard metric on with volume 1. Then, for a holomorphic map, there are points 
p (hence a open set of them) such that df{p) is of maximal rank and |(i/(p)| > ^U!{A). Since we 
only want to construct a neighborhood and the condition above is an open condition. Without the 
loss of generality, we assume that it is true for any /. 

We marked extra points Cj such that df{ei) is of maximal rank, \df{ei)\ > ^u>{A) and (S,ei) 
has three marked points. 

Next we construct a slice Wf of the action Auts. Note that Map^{Y,0,k) is only a Prechet 
manifold. We can not use implicit function theorem. Since stbf lis finite, we can construct a stbf 
invariant metric on f*TY by averaging the existing metric. Using stbf invariant metric, the set 

(3.5) {wen\f*TFYy,\\w\\LP<€} 

is st6j-invariant and open in C°°-topology. Now, we fix the st6j-invariant metric. For each extra 
marked point Cj constructed in previous paragraph, df{ei) is a 2-dimensional vector space. Clearly, 

is st6/-invariant. Now we want to construct a 2-dimensional subspace Ee^ C fa which is the orbit 
of action Auts. For simplicity, we assume that we only need one extra marked point ei to stabilize 
S. The proof of the case with two extra marked points is the same. 

In this case, a neighborhood of id in Auts can be identified with a neighborhood of ei by 
the relation Tj;(ei) = a; for a; G I?^(ei). ^Ta;{f){y)\x=ei = df{y){v{y)), where v = ^Tx\x=ei is a 
holomorphic vector field. By our identification, v is decided by its value v{ei) G T^-^S^. Given any 
V G Te^S"^, we use G TidAuts to denote its extension. Therefore, v decides Ve^{T{ei)). To get a 
precise relation, we can differentiate Ta;(r(ei)) = T{T~^TxT){ei) to obtain 

(3.6) Ve,iT{ei)) = DrAdriv), 
where Adr is the adjoint action. 

(3.7) Ea = {(BrGstbfdfiTiei)){ve,ir{ei))y,v G T^.S^} 
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It is easy to check that Eg-^ is indeed st6/-invariant. We can identify with Te^S^ by 

(3.8) V ^ ®restbfdf{T{ei)){DTAdr{v)), 

Hence, E^^ is 2-dimensional. Given any w G Q^{f*TpY), we say that w _L Ee^ if ®T&sthfW{T{ei)) is 
orthogonal to E^.^. The shce can be constructed as 

(3.9) Wf = expf{w G nifTpY); \\w\\lp < e, \\w\\cHDsQ(g{ei))) < e for 5 € stbf,w ± EeJ, 

where TpY is the direct sum of vertical tangent bundle and P*TX and 60 is a small fixed constant. 
We need to show that 

(1) Wf is invariant under stbf. 

(2) If hr G Wf for heWf, then r G Stbf. 

(3) There is a neighborhood U of id e Aut such that the multiplication F : Ux Wf — > Map^{Y, 0, k) 

is a homeomorphism onto a neighborhood of /. 

(1) follows from the definition. For (2), we claim that the set of r satisfying (2) is close to an 
element of stbf for small e. If not, there is a neighborhood Uo of stbf and a sequence of {hn,Tn) 
such that Tn ^ Uq, hn converges to / and hnTn converges to /. By the previous argument, r„ has a 
convergent subsequence. Without the loss of generality, we can assume that t„ converges to r ^ C/q. 
Then, /i„r„ converges to /r = /. This is a contradiction. By (1), we can assume that r is close to 
identity. Then, (2) follows from (3). 

Next we prove (3). Consider the local model around /(r(ei)). Since (i/(r(ei)) is injective, we 
can choose a local coordinate system of V such that Im{f) is a ball of Cr C Cr x C"~^ in which 
the origin corresponds to /(r(ei)).. Furthermore, we may assume that the metric is standard. For 
any w, let 

P{w) : n^rTpY) ^ Ee,. 

be the projection Then, w G Wf iff P{w) = 0. Suppose that w is bounded. 
(3.10) 

Mw){T{ei)) = w{T,{T{ei)))+f{r,{r{e,)))-f{T{ei))+0{r'') = i/;(r,(r(ei)))+/(r,(r(ei)))+0(r2), 
where r = \Tx{T{ei))\. Then, 

(3.10.1) P{tAw)) = P{w o Tx) + P(/ o T^) + 0{r^). 
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Hence Pir^iw)) = iff -P{w o r^.) = P{f o r^) + 0(r2), where 

(3.10.2) P{woT,),PifoT,):D^^Ee,. 
Notes that P{f o tq) = 0. 

(3.10.3) dP{f o T,){v)\^=o = P{dfM). 

Under the identification (3.8), dP{f o Tx)o is the identity. Let / = P{f o t^)- Then, exists and 
df^^ is bounded on a smah disc. Consider 'w{x) = f~^P{w o Tx + 0(r^)). Then, P{tx{w)) = 
iff X is a fixed point of w. Suppose that e << 1. Since ||u'||(7i(£)^^(g(e^))) < e, |w(0)| < Ce. 
Furthermore, \dw\ < e. w : Dg^_^ for fixed Sq. The smah bound on the derivative also implies 

that tD is a contraction mapping. Therefore, there is a unique fixed point x{w) in D^q and hence 
Tw = Tx- Moreover, x^w) depends smoothly on w. Therefore, Tw depends smoothly on w. We 
define H{w) = {t~^ , fwTw)- By our construction, H is continuous and an inverse of F. □ 

A^^(y, fc, J) has an obvious stratification indexed by the combinatorial type of the domain. 
The later can be viewed as the topological type of the domain as an abstract 2-manifold with marked 
points such that each component is associated with a nonzero integral 2-dimensional class Ai unless 
this component is genus zero with at least three marked points. Furthermore, each component is 
represented by a J-holomorphic map with fundamental class and total energy is equal to ijj{A). 
Suppose that 'D'^g^ is the set of indices. 

Lemma 3.5: V'^g^ is a finite set. 

Proof: Let {Ai-, - ■ ■ , A}S) be the integral 2-dimensional nonzero classes associated with the 
components. The last condition implies that 

(3.11) w(Ai) > 0,^Ai = A 



In |RTT| (Lemma 4.5), it was shown that the set of tuple (3.11) is finite. Therefore, the number 



of non-ghost components is bounded. We claim that the number of ghost bubbles is bounded by 
the number of non-ghost bubbles. Then, the finiteness of Ti^'^ follows automatically. 

We prove our claim by the induction on the number of non- ghost bubbles. It is easy to observe 
that any ghost bubble must lie in some bubble tree T. By the construction, this ghost bubble can 
not lie on the tip of any branch. Otherwise, it has at most two marked points. Choose B to be 
the ghost bubble closest to the tip. We remove the subtree Tg with base B. Then, we obtain an 



24 



abstract 2-manifold with marked points. If it is the domain of another stable map, we denote it by 
T' . If not, B is based on another ghost bubble B' with only three marked points. Then, we remove 
Tb and contract B' to obtain T' the domain of another stable map. Let gh{T') be the number of 
ghost bubbles and ngh{T') be the number of non-ghost bubbles. By the induction, 

(3.12) gh{T') < ngh{T'). 
However, 

gh{T)<gh{T') + 2,ngh{TB)>2. 

Therefore, 

(3.13) gh{T) < ngh{T') + 2 < ngh{T) + ngh{TB) = ngh{T). 
We finish the proof. □ 

For any D G T^ft^ let BoiY, g,k) C BA{Y,g,k) be the set of stable maps whose domain and 
the corresponding fundamental class of each component have type D. Then, BD{Y,g, k) is a strata 
of BAiY,g,k). 

Lemma 3.6: BD{Y,g,k) is a Hausdorff Prechet V-manifold. 

Proof: BD{Y,g, k) is a subset of Hi ^Ai{Y, Sj) such that the components intersect each other 
according to the intersection pattern specified by D. Therefore, it is Hausdorff. For the simplicity, 
let's consider the case that D has only two components. The general case is the same. 

Let D = Si A S2 joining at p G ^i,q G S2. Assume that Ai is associated with Sj. Then, 

(3.14) BD{Y,g,k) = {{h,h) e BAdY,gi,ki + 1) x BA,{Y,g2M + l);/i(p) = f2ij>)}- 
It is straightforward to show that BD{Y,g,k) is Frechet V-manifold with the tangent space 

(3.15) T^f^j^)BD{Y,g,k) = {{wuW2) G n^flTpV) x Q^{f*TFV);wi{p) = W2{q)] 

We leave it to readers. □ 

Next, we discuss how different strata fit together. It amounts to show how a stable map deforms 

when it changes domain. A natural starting point is the deformation theory of the domain of stable 
maps as abstract nodal Riemann surfaces. However, it is well-known that unstable components 
cause a problem in the deformation theory. For example, the moduli space will not be Hausdorff. 
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To have a good deformation theory, we have to consider a map with its domain together for unstable 
components. 

Let M.g^k be the space of stable Riemann surfaces. The important properties of Mg^k are that (i) 
Mg,k is a V- manifold; (ii) there is a local universal V-family in following sense: for each S G M.g^k-> 
let stbY, be its automorphism group. There is a stfes-equivariant (holomorphic) fibration 

(3.16) TTs : C/s ^ Os 

such that O^/AutY, is a neighborhood of S in M.g^k and the fiber ir^^ih) = b. 

Suppose that the components of / are (Si, /i), • • • , (S^, /^), where Sj G ■Mgi,ki is a marked 
Riemann surface. If Sj is stable, locally M.gi.ki is a V-manifold and have a local universal V-family. 
Suppose that they are 

(3.17) TT-.Ui^Oi 

divided by the automorphism group Auti of Sj preserving the marked points. Stability means that 
AutY,i i^ finite. However, the relevant group for our purpose is sthi = stbf^ C Auti. Suppose that 
Xii, - ■ ■ ,Xiki are the marked points. We choose a disc Dij around each marked point Xij invariant 
under stabY,i ■ For each Sj G Oj , Xij may vary. We can find a diffeomorphism (/)e : S — to carry 
Xij together with Dij to the corresponding marked point and its neighborhood on Sj. Pulling back 
the complex structures by (f)j._, we can view Oj as the set complex structure on Sj which have the 
same marked points and moreover are the same on Dij. cpj,, gives a local smooth trivialization 

(3.18) 4>j: : Ui Oi X S. 

When Sj is unstable, Sj is a sphere with one or two marked points and we have to divide it by the 
subgroup Auti of preserving the marked points. But to glue the Riemann surfaces, we have to 
choose a parameterization. Recall that (Sj) = Map^^ {T,i,Y) /Auti. For any /j G Map^^ {T^i, Y), 
one constructs a slice Wj. (Lemma 3.4) at fi such that Wf./stbj. is diffeomorphic to a neighborhood 
of [fi] in the quotient. Moreover, we only want to construct a neighborhood of /. To abuse notation, 
we identify ;BAj(Si) with the slice W/./si6/.. Then, we can proceed as before. Fix a standard P^. We 
choose a disc Dij {j < 2) around each marked point invariant under stbf.. Then, Oj = pt, Ui = P^. 

Let J\f be the set of the nodal points of S. For each x e J\f, we associate a copy of C (gluing 
parameter) and denote it by Cj,. Let Cf = YlxeAf^^^ which is a finite dimensional space. For 
each V e Cf with \v\ small and Sj G Oj , we can construct a Riemann surface S^,. Suppose that 
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X is the intersection point of Sj, and Sj, Sj intersect at p G Sj, g G Ej. For any small complex 
number Vx = re*". We construct by cutting discs with radius ^-Dp{^) , Dq{^) , where 

p is a small constant to be fixed later. Then, we identify two annulus Np{^,^), Nq{^,^) by 
holomorphic map 

(3.19) (e^^^) ^ (e^^e*",y). 

Notes that (3.19) sends inner circle to outer circle and vis versus. Moreover, we identify the circle 
of radius r^. Roughly speaking, we cut off the discs of radius and glue them together by rotating 
e*^. When Vx = 0, we define Sj^o^j = A Sj-the one point union at p = q. Given any metric 
A = (Ai,A2) on S, we can patch it up on the gluing region as follows. Choose coordinate system 
of Np{^, ^). The metric of Ei is t{ds'^ + dt^) and the metric from S2 is "^{ds^ + dt^). Suppose 
that /3 is a cut off function vanishing for t < ^ and equal to one for t > We define a metric 
A^, which is equal to A outside the gluing region and 

4 

(3.20) = iPt + {1 - f3)j)ids^ + dr^) 

over the gluing region. We observe that on the annulus Np{^,^) the metric gv has the same 
order as standard metric. For any complex structure on Sj which is fixed on the gluing region, it 
induces a complex structure on . If we start from the complex structure of S, by repeating 

above process for each nodal point we construct a marked Riemann surface S^,. Clearly, Sq = ^• 

Remark 3.7: The reader may wonder why we glue in a disc of radius r^ instead ofr. The reason 
is a technical one. If we use r, the gluing map is only continuous at r = 0. Using r"^ , we can show 
that the gluing map is at r = 0. 

Let 

(3.21) df = llOixCf. 

i 

The previous construction yields a universal family 

(3.22) Uf = U{ty;'EeY[Of, V eCf small}. 

i 

The projection 

(3.23) ^f.Uf^ Of 
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maps to We still need to show that (3.23) is st6/-equivariant. YliStbi induces an 

obvious action on (3.23). There are other types of automorphisms of S by switching the different 
components and stbf is a finite extension of Hj stbi by such automorphisms. The gluing construction 
with perhaps different gluing parameter is clearly commutative with such automorphisms. Hence, 
stbf acts on (3.23). {Uf,Of)/stbf is the local deformation of domain we need. After we stabilize 
the unstable component, T,^ should be viewed as an element of Mg.k+i, where / is the number of 
extra marked points. Hence, Of C Aig^k+l and Uf is just the local universal family of Aig^k+l- 
Forgetting the extra marked points, we map O/ to M.g,k by the map 

(3.24) TTk+i : Mg,k+l Mg,k 

Suppose that the extra marked points are ef, • ■ • , ej'. Sometimes, we also use notation e{, - ■ -ef . 

To describe a neighborhood of /, without the loss of generality, we can assume that dom{f) = 
Si A S2 and / = (/i, 72), where Si, S2 are marked Riemann surfaces of genus gi and fcj + 1 many 
marked points such that g = gi + g2,k = ki + k2- Furthermore, suppose that Si, S2 intersects at 
the last marked points p, g of Si, S2 respectively. The general case is identical and we just repeat 
our construction for each nodal point. In this case, the gluing parameter w is a complex number. 
We choose v small enough such that marked points other than p, q are away from the gluing region 
described above. Let fi{p) = /2(?) = yo S F C Y. Let Up(^y^-^ be a small neighborhood of 
P(yo) £ X. We can assume that P~^{Uyg) = V x Up(^y^-^ and yo = {xq^x\). Suppose that the fiber 
exponential map exp : T^^V V x {x} is a diffeomorphism from B^{xo,TxqV) onto its image for 
any x G U p^y^^ , where is a ball of radius e. Furthermore, we define 

(3.25) = expfW. 

Next, we construct attaching maps which define the topology of BA{Y,g, k). First we construct 
a neighborhood Uf^o/sibf of / G BD{y,g,k). Recall that if dom{f) = S is an irreducible stable 
marked Riemann surface, then a neighborhood of / can be described as 

(3.26) Of X {r;we n\rTFY),\\w\\LP < e} 
divided by stbf. 

If S is unstable, we needs to find a slice Wf. By lemma 3.4, we mark additional points e{ on S 
such that S has three marked points. We call the resulting Riemann surface S. Furthermore, we 
choose e{ such that df / is of maximal rank. Then, 

(3.28) Wf = {r-w e n^rTpY); \\w\U < e, ||^|bi(D,„(,(e,))) < ^,5 e sbtf,w± E^f}. 

1 U ^ 
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If dom{f) = El A S2 joining at p G Si, g € S2 and / = /i A /2, We define 

(3.29) OO(rr^y) = {{wi,W2) G 5^°(/rr^y) x J]0(/*r^y);u;i(p) = t«2(<7),«^ ^ i^^,/}- 
A neigtiborhood of / in Bd{Y, g, k) is 

(3.30) l[OiX {r;we O0(r T^y), I < e, |klbi{D,„{9(e.))) < ^'9 e ± E f}/stbf. 

i 

If dom[f) is an arbitrary configuration, we repeat above construction over each nodal point to 

define ^f{f*TFY). A neighborhood of / in BD{Y,g,k) is 

(3.31) 

^f,D = ^ {/";^ ^ n^rTpV), \\w\\lV < e, \\w\\ciiDs,Me,))) <e,ge sbtf,W± E f}/stbf. 

'I 

We want to construct an attaching map 

:Uf,Dy<C}^BA{Y,g,k) 
invariant under stbf, where Cj is a smah e-ball around the origin of Cj. We simply denote 
(3.32) p = f'"". 

Again, let's focus on the case that D = Si A S2 and the general case is similar. Recall the previous 

set-up. fi{p) = f2{Q) = Ho = {xo,xi) GVcY. Let Up(^yg-j be a small neighborhood of P{yo) £ X. 

We can assume that P^^iUyo) = F x Upi^y^-^ and yo = {xo-,xi). Suppose that the fiber exponential 

map exp : T^q^xV — > ^ x {x} is a diffeomorphism from B^{xo, T^qV) to its image for any x G Up(^y^y 

In the construction of dom{f)^, we can choose r small enough such that 

2^2 n 2 

friDp{ — )),f^{D,{ — )) C B,{xo,Tx,V) X P{y[), 



for any it; G J7'^(/*Tpy) and < e. Following |MS], we choose a special cut-off function as 

follows. Define l3p to be the involution of the function 

(3.33) 1 - 

logp 

for t € [p, 1] and equal to 0, 1 for t < p,t > 1 respectively. This function has the property that 



/lV/3|^< ^ 



logp 
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Such a cut-ofF function was first introduced by Donaldson and Kroheimer [DK] in 4-dimension case. 



We refer to [DK], [MS| for the discussion of the importance of such a cut-off function. Then, we 
define 



(3.34) 



which is a cut-off function for the annulus Np{^, ^). Clearly, (3r is the convolution of the function 

- 2t > 



(3.35) 



logp 



Let S"" = dom{f^), where we have already marked the extra marked e\, - ■ ■ ,6^ to stabilize the 
unstable components. Then, we define 



as 



(3.36) r 



fiis, t) + ff{e + s, ^ ) - y^;x = re^' G iVp(4, 2r2) ^ N^{ri, 2r2) 
mU'^is, t) - V^) + hie + s,rty,x = re^' G A^g(^, r^) - N^ir^ ^) 



where yw = ffip) = ffio)- To get an element of BA{y, 9, k), we have to view f^''" as a function 
TTk+i{T,y) by forgetting the extra marked points. We denote it by f'^''" , 

There is a right inverse of the map f^'^ defined as follows. Suppose that 



(3.37) 



Let hetarit) be a cut-off function on the interval (^, 2r^), which is symmetry with respect to t 



Namely, 

We define 

(3.38) 

by 

(3.39) 



J V 



Prit) = 1 - Pri-2t + 3r2), for t < . 



/(x);xGSi-Z)p(2r2) 

Mfix) - ^ Is. f{s, r2)) + ^ Js. f{s, r^y,xe Z)p(2r 
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(3.40) /2 = 



Prifix) - ^ Jsi fis, r^)) + ^ Is. fis, r^y,xe D,{2r^) 



Roughly speaking, we cut the / over the annulus with ^ <t < 2r^. 

By the construction, the attaching map is really the composition of two maps. The intermediate 
object is 
(3.41) 

Uf=\J {expfv{w € n°{{ryT^Yy,w ± Ej^,\\w\\lp <e,\\w\\ci(Ds^(g(ei))) <e,gesbtf}}. 

Uf is clearly a stratified Frechet V-manifold. Then, 

(3.42) /■'■ : Uf,D xC}-^Uf 
and 

(3.43) {:}:b(f^BA{Y,g,k). 

Let Uf = Im{Uf) under {.}. 

The different gluing parameters give rise to different E^, G Aig^k+i- However, we want to study 
the injectivity of attaching map, where we have to consider f'^''". It would be more convenient to 
construct 7rfe+i(S^) directly. We shall give such an equivalent description of gluing process. 

Recall that the domain of a stable map can be constructed by first adding a chain of P^'s to 
separate double point and then add trees of P^'s. Now we distinguish principal components and 
bubble components in our construction. We first glue the principal components. In this case, the 
different gluing parameters give rise to the different marked Riemann surfaces. Then, we glue the 
maps according to formula (3.36). When we glue a bubble component, we gives an equivalent 
description. Suppose that Sj is a stable Riemann surface and Ej is a bubble component. Moreover, 
Sj,Sj intersects at p G Sj, g G Sj. Suppose that the gluing parameter is v = re'^. We can view 
the previous construction as follow. We cut off the balls C C Ej of radius ^ centered 

at marked points we want to glue. The complement Sj — Dj is conformal equivalent to a ball of 
radius Then, we glue back the disc along the annulus by rotating angel 9. Clearly, this is 
just a different parameterization of Sj. But we do obtain a holomorphic map from Ej^^jSj to Sj. 
Furthermore, we obtain a local universal family 

(3.44) Uf ^ df 
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of S = dom{f) as an element of Aig^k- Although Sj#^Sj is just Sj in our alternative gluing 
construction, the different gluing parameters may give different maps. Let r„ be the composition 
of rescaling and rotation conformal transformations described above. Let be the marked points 
of other than q. We observe that rescaled \df{ei)\ at the order ^. Then, we repeat above 
construction for each bubble component. 

Lemma 3.8: Suppose that P'"" = f"'''^'. Then, 

(3.45) V = v'. mod {stbf) 



As we mentioned above, 7^ S^/ ii v v'. If TTfe+KSJf) ^ TTk+ii'E'^,'), 

(3.46) f'"" 7^ r''"'' 

by the definition. If Trk+i{T,^) = 7rfc_(_;(S^,'), there are two possibilities. Since 7rfc+i(S^) is the 
quotient of by stbf^w, either = S^,' or they are different by an element of stbf^m C stbf. 
Since the attaching map is invariant under stbf, we can apply this element to {w',v'). Therefore, 
we can just simply assume that = S^,'. On the other hand, is just with additional 
marked points ef , • • • , ej'. Then, it is enough to show that 

(3.47) = ef . mod {stbf) 

Suppose that Sj contains extra marked point e^. We choose small r such that 

1 max{\dfr\\dff\} 
r2 min{\df^{es)\,\df^'{es)\y 

When e is small, \df^{es)\, \df^ (e^)! > 0. Therefore, we can assume that 

(3.48) \d{Tj)^{es)\, \d{T,)ff{es)\ > max{\dfr\, \dff\}. 
Hence, T(e^),r(e^') & CiD^ ,t & stbf.. Furthermore, 

(3.49) r,r = vr'. 

on a smaller open subset Dq of Df Ci containing T{eg),T{eg'). Hence, 

(3.50) r' = V . 
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on an open set containing eg. However, both /"', /"'' are in the slice Wf. Hence, (3.50) is valid for 
/"', f^' over a component of S/ containing e^, e^'. Hence 

(3.51) V V„ G stbf. 
Therefore, 

(3.52) = ef . mod (s%) 
Furthermore, we also observe that 

(3.53) r = r'ons-UA,-. 

□ 

7 is obviously invariant under stbf. Moreover, 

Lemma 3.9: The induced map of{.} fromUf /stbf to Uf C Ba{X^9^ ^) one-to-one. Furthermore, 
the intersection ofUf with each strata is open and homeomorphic to the corresponding strata ofUf. 

Proof: Let 

Vf=Uf,DxCf. 

By (3.39), (3.40), f'"^ is onto. Suppose that = p' . By the Lemma 3.8, v = v' mod{stbf). 
Therefore, we can assume that v = v'. Moreover, we can assume that = E^/'. However, it is 
obvious that 

T:Map5(S-)^BA(r,5,fc) 

is injective. So we show that 

(3.54) fw,v^jw',v'_ 

To prove the second statement, let wq G ^^{f*TFY) with wq -L E /. For any map close to /^-"'o^ 

it is of the form p-^'^o+w \\w\\ip^ < e, Hw^HiP < e, ||w^||ci(D5p(p(ei))) < ^- We want to show that 
J? 

we can perturb such that 

(3.55) wo + w±Ef. 

The argument of Lemma 3.4 applies. 

Now we define the topology of BA{Y,g, k) by specifying the converging sequence. 
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Definition 3.10: A sequence of stable maps fn converges to f if for anyUj, there is N > such 
that if n > N fn ^ lAf . Furthermore, fn converges to f in -topology in any compact domain 
away from the gluing region. 

Proposition 3.11: If a sequence of stable holomorphic maps weakly converge to f in the sense of 



RTl j, they converge to f in the topology defined in the Definition 3.8. 
The proof is delayed after Lemma 3.18. 
Define 

(3.56) x-BA{Y,g,k)^Mg,k 
by x(/) = T^k+l{dom{f )). 
Corollary 3.12: x i^ continuous. 

The proof follows from the definition of the topology of BAiY,g, k). 
Theorem 3.13: BA{Y,g,k) is Hausdorff. 

Proof: Suppose that / ^ f. By the corollary 3.12, we can assume that 'Kk+i{dom{f)) = 
■Kk+i{dom{f'). We want to show that Uf nUf = for some e. Suppose that it is false. We 
claim that dom{f),dom{f') have the same topological type. Namely, /, /' are in the same strata. 
We start from the underline stable Riemann surfaces ■Kk+i{dom[f)) = ■Kk+i{dom{f')) which are 
the same by the assumption. We want to show that they always have the same way to attach 
bubbles to obtain dom{f),dom{f'). Suppose that we attach a bubble to TTk+i{dom{f)) at p. Recall 
that the energy concentrates at Dp{^),i.e., ^2r2_^ > eo- The same is true for when 
||t(;[|^p < e. On the other hand, we have the same property for (f)'^''^' for some \v'\ < e. 

j£ ^w,v _ ji't" ^ j^^g^ have a bubbling point in Dp(^). In fact, the bubbling point must be 
p. Otherwise, we can construct a small ball Dp{^^) containing no bubbling points of /'. Then, 
we proceed inductively on the next bubble. Now the energy concentrates at a ball of radius r^rf, 
where ri = \vi \ is the next gluing parameter. By the induction, we can show that dom{f), dom{f') 
have the same topological type. In fact, we proved that dom{f),dom{f') have the same bubbling 
points and hence the same holomorphic type. 

Suppose that /, /' € BD{Y,g,k). Then, some component of /, /' are different. Suppose that 
the component fi ^ f[, where fi,f[ E Ba^{Y, g, k). Note that fl" is equal to / outside the gluing 
region, f" ^ {fY for small v. By Lemma 3.4, BAiiY,g,k) is Hausdorff and the neighborhoods of 
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fi,fl are described by slice Wf.,Wfi for a small constant e. Add extra marked points to stabilize 
unstable components. \\fi — /IWl^ > for small e. Then, it is obvious that 

(3.57) Wf^ n Wf> = 0. 

Note that /"''''(eo) = /'"(eo), (eo) = /"''(eo). It is straightforward to check that 

(3.58) Uf nUf> =$ 

for the same e. This is a contradiction. □ 

Corollary 3.14: MA{Y,9,k) is Hausdorff. 

To construct the obstruction bundle jF^(y, (jr, fc), we start from the top strata BA{y,g,k). Let 
V{Y) be vertical tangent bundle. With an almost complex structure J, we can view V{Y) as a 
complex vector bundle. Therefore, for each / G BA{Y,g, k) we can decompose 

(3.59) oi(/*v(y)) = i^i'°(rv(y)) © oO'i(/*v(y)). 

Both bundles patch together to form Prechet V-bundles over 5^(^,5, A;). We denote them by 
Oi'0(V(F)),nO'i(V(y)). Then, 

(3.60) TA{Y,g,k) = ^f'\V{Y)). 

For lower strata BD{Y,g,k), BD{Y,g,k) C Ylj^BAi{Y,gi,ki), where BAi{Y,gi,ki) are components. 
When a component is stable, we already have an obstruction bundle TAi{Y,g,k). When the i-th 

component is unstable, wc first form the obstruction bundle over Map^_{Y, ,0, ki) in the same way 
and divide it by Auti. In the quotient, we obtain a V-bundle denoted by O0'i(V(y)). Let 

(3.61) i : BD{Y,g,k) -^l[BA,{Y,gi,ki) 

i 

be inclusion. We define 

(3.62) J^D{Y,g,k) =i*l[TA,{Y,g„h). 

i 

Finally, we define 

(3-63) J'A{Y,g,k)\sj^^Y,g,k) =J'D{Y,g,k). 

For any / G BD{Y,g,k), consider a chart {Uf,Vf,stbf). Suppose that D = Ei A E2. For ■q'^ G 
J^o.i((/"')*V(y)), define 
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by 



(3.64) 77"''^ 



rj,{x);xe^i-Dp{^) 

mrnis, t) + V2{0 + s, ^ ); X = te- G iVp(£f , 4) - iV,(2r2, ^) 



Vi{s, t) + r/2(^ + s, 2f ); X = te^ G iVp(4, 2r2) ^ Ar,(4, 2r2) 



dj is clearly a continuous section of jF4(y, (7, k, J). Let be the restriction of dj over Bd- 

Next, we define the local sections by repeating the constructions in section 2. Let / G 
BD{Y,g,k). CokerDfdj^D is a finite dimensional subspace of i},^'^{f*V{Y)) invariant under stbf. 
We first choose a st6/-invariant cut-off function vanishing in a small neighborhood of the intersec- 
tion points. Then we multiple it to the element of CokerDfdj^o and denote the resulting finite 
dimensional space as Ff. By the construction, Ff is st6/-invariant. When the support of the cut-off 
function is small, Ff will have the same dimension as CokerDfdj and 

Dfdj,D + Id : n^ifTpY) ®Ff^ n'>'\f*V{Y)) 

is surjcctivc. We first extend each element s of Ff to a smooth section G Q^'^{{f'^)*V(Y)) of 
J^d(Y, g, k, J) supported in such that it's value vanishes in a neighborhood of the intersection 
points. Hence, can be naturally viewed as an element of Cl^'^{{f^'^)*V{Y)) supported away 
from the gluing region. Let be a smooth cut-off function on a polydisc C f vanishing outside of 
a polydisc of radius 26i and equal to 1 in the polydisc of radius Si. One can construct /?/ by first 
constructing such (3 over each copy of gluing parameter Cx and then multiple them together. We 
now extend s'^ over by the map 

(3.65) sl{n-) = Pf{v)s^. 

Then, we use the method of the section 2 (2.5) to extend the identity map of Ff to a map 
(3.65.1) Sf:Ff^TA{Y,g,k)\uf. 

invariant under stbf and supported in Uf. Then, it descends to a map over BA{Y,g,k). We will 
use s/ to denote the induced map on BA{Y,g,k) as well. We call such Sf admissible. Our new 
equation will be of the form 

(3.66) Se = df + Y,Sfi-£^^A{Y,g,k,J), 
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where s/. is admissible. We observe that the restriction Sd of S over each strata is smooth. Let 
Us, = (5e)-i(0) and 

S:Us,^ E. 

Lemma 3.15: S is a proper map. 

Proof: Since the value of s j. is supported away from the gluing region, the proof of lemma is 
completely same as the case to show that the moduli space of stable holomorphic maps is compact. 
We omit it. □ 

For / G BD{y,g,k), we define the tangent space 

TfBA{Y,g,k)=TfBD{Y,g,k) x C/ 

and the derivative 

(3.67) Df,tS, = Df,tSe\Bo{Y,g,k) : TfBA{Y,g,k) ^ n°'\rV{Y)). 
Lemma 3.16: 

(3.68) IndDf^tS = 2Ci{V){A) + 2(3 -n){g-l) + 2k + dimX + dimE. 
Proof: 

(3.69) Df^tSD{W,u) = Dfdj(W) + Y,Dusu{W,u). 

i 

IndDf^fSr) = IndDfdj + dimE. 

If = dom{f) is irreducible, the lemma follows from Riemann-Roch theorem. Suppose that 
= Si A E2 and / = (/i, /s) with /i(p) = /2(g). 

IndDfdj = IndDf^dj + IndDp^Bj — dimY 

= 2Ci(F)([/i]) + 2(3 - n)(ffi - 1) + 2{ki + 1) + dimX + 2Ci(y)([/2]) + 2(3 - n){g2 - 1) 

+2(/c2 + 1) + dimX - diuiY 
= 2Ci{V){A) + 2(3 - n){g - 1) + 2A; + dimX - 6 + 2n + 2 - 2n 
= 2Ci{V){A) + 2(3 - n){g - 1) + 2A; + dimX - 2 

Adding the dimension of gluing parameter, we derive Lemma 3.16. The general case can be proved 
inductively on the number of the components oi 'Ef. We omit it. 
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This is the end of the construction of the extended equation. Next, we shall prove that 
(3.70) (BA{Y,g,k),TA{Y,g,k),dj) 

is VNA. The openness oiUs = {{x,t);CokerD f^^Se = 0} is a local property. To prove the second 
property, we first construct a local coordinate chart for each point of virtual neighborhood. Then, 
we prove that the local chart patches together to form a C^-V-manifold. The construction of a local 
coordinate chart is basically a gluing theorem. The first gluing theorem for pseudo-holomorphic 



curve was given by [RTl]. There were two new proofs by [Liu|, |MS] which are more suitable to the 
set-up we have here. Here we follow that of |MS| ]. For reader's convenience, we outline the proof 
here. 

We need to enlarge our space to include Sobolev maps. Suppose that f £ MoiY, 9, k),tQ € R™ 
such that Se{f, to) = and CokerDf^to'Se = 0. Choose metric A on Si A S2. Using the trivialization 
of (3.18), we can define Sobolev norm on Let 

(3.71) L^iUf^D) = C/s X {r;we O^rr^^y), < e, < e,w ± E^f}. 

By choosing small Sq, we can assume that DsQ{ei) is away from gluing region. For the rest of this 
section, we assume that 2 < p < 4. Then, L\(Uf^D) is a Banach manifold. To simplify the notation, 
we shall assume that dom{f) = Si A S2 for the argument below. However, it is obvious that the 
same argument works for the general case. Let A^, be the metric on E„ defined in (3.20). We use 
Lf,,L^^ to denote the Sobolev norms on "^y^ wIigig v is usGd to indica-te the dependence on v. By 
(Lemma A. 3.1), the Sobolev constants of the metric Xy are independent of v. Let 



(3.72) LliUf) = Uir-"; w G n'HrTTFY), w±E^f, MIl^^ < e, |klbi(Z),„(s(e.))) < e}- 



First of all, the map 
induces a natural map 
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by the formula 
(3.73) 



ni(x);xGSi-Z?p(^) 

Pr{t){ui{s, t)) - ni(0)) + U2{e + s, ^ ); x = re^ G iVp(^, 4) ^ iV,(2r2, ^r!) 



+ U2{e + s,^)- n(0);x = re^^ € NpC-^,2r^) ^ iVg(^,2r2) 
/3r(t)(n2(s,t)) - n2(0)) + + s, x = re^^ G iV,(i,r) ^ iVp(r, 2r) 
U2{x);x e T,2 — Dq{2r) 

where u = (ui,U2) G J7°((/'")*rFy). Notes that mi(0) = ^2(0). 

One can construct an inverse of ■(/'/• For any u € ^^{{f'^''"YTpY), we define 



_ z' 1 2\ 



by 

(3.74) 



u{x);x G Si - Dp{2r'^) 

Pr{u{x) - ^ Jsi u{s, r2)) + ^ u{s, r2); x G Z)p(2r2) 



(3.75) 



u(x);x G J:2-Dq{2r^) 

PrHx) - 1 /^i^x(s,r2)) + 1 n(s,r2);x G I),(2r2) 



For any r] G r2'^'"'^((/"'''')*V(y)), we cut r] along the circle of radius and extend as zero inside 
the Dp{r^),Dg{r^). We denote resulting 1-form as r/{ G Q°'\{r)*V{Y)),4 G n°'\D*V{Y)). 
Clearly, {r]{ ,773) is an right inverse of r]^'^. 



Lemma 3.17: Let u be a 1-form over a disc of radius ^ < 1. Then, 



(3.76) 



V Priu - u{0))\\lp <c\logp\ p\\u\\lp. 



The inequality is just the lemma A. 1.2 of [MS|, where we use instead of r. 
Lemma 3.18: ||0/(n-)||^P^ < CIKH^p, IKH^p < C||n||^P^. 

2 2 

Proof: We only have to consider u'^ over Np{^, ^), where 
(3.77) </</(7/^) =^.(t)«(s,i)-<(0))+<(s + : 



^4 
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(3.79) 



< c{\\ V + II V <ll^.(^^(2..,2r£)) + II V Mur - <(0))ll^,(^^(^^^„) 

where the last inequality follows from Lemma 3.17. The proof of the second inequality is the same 
and we omit it. □ 

Proof of Proposition 3.11: Suppose that /n — > / as a weakly convergent sequence of 



holomorphic stable maps in the sense of | RT1 |. Then, /„ converges to / in C°°-norm in any 



compact domain outside the gluing region, in particular on DsQ{g{ei)). Now, we want to show that 
/„ is in the open set ^/,d for n > N. Note that formula (3.74,3.75) is a left inverse of formula 
(3.73). By Lemma 3.18, the formula (3.73) preserves norm. Hence, it is enough to show that 
fn is close to when n is large. Namely, we want to estimate \\fn — f^Wi'' ■ Outside of gluing 
region, /„ converges to f" in the C°° norm. So ||(1 — (3)(fn — /^)||l'' converges to zero, where /5 
is a cut-off function vanishing outside gluing region. Over the gluing region, it is enough to show 
that ||/9(/n — pt)\\L'^ is small where pt is the intersection point of two components of /. Here we 
assume that / has only two components to simplify the notation. The argument for general case 
is the same. By the decay estimate in [ tlTl[| (Lemma 6.10), — pt||co converges to zero over the 



gluing region with cylindric metric. However, C'^-norm is independent of the metric of domain. 
Hence, we have a estimate for the metric in this paper. Furthermore, fn is holomopophic. By 
elliptic estimate, 

mfn-pt)\\ < ci\\dj{(3ifn-pmLP + mfn-pmcO < c{\\Vf3{fn-pt)\y^ + \\fn-pt\\cO < c\\fn-pt\\cO. 

We will finish the argument by showing that the constant in elliptic estimate is independent of the 
gluing parameter v. The later is easy since our metric is essentially equivalent to the metric on the 
anulus N(l,r) in R^, where r = \v\ and f3{fn — pt) is compact supported. □ 

Suppose that Dj t^^Se is surjective. Since Se is smooth over BoiX^g-, k), Df^ ^Se is surjective for 
II^IIlJ < ~ *o| < 5 with some small 5. We choose a family of right inverse Qj^^t- Then, 

(3.79.1) \\Qf^,t\\<C. 
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We want to construct right inverse of Dfw,v fSe- 
Definition 3.19: Define AQ fw,v i[r]) = (t>fQ f^fiiWi 1^2) ■ 



Then, it was shown in |MS] that 
Lemma 3.20: 

(3.80) < C, \\Dfw,v^iAQfw,v^i — Id\\ < - for small r,p. 



Now, we fix a p such that Lemma 3.20 holds. 
The right inverse of Dfw,v^f is given by 

(3.81) Qf^,^,t = f-^'^ ,t{D fw,v ^fAQ fw,v ^-1-) ^. 
Furthermore, 

(3.82) ||<3/->-,i|| < C*- 
Therefore, we show that 

Corollary 3.21: 

Us, = {{x,ty,CokerDf^tSe = 0} 

is open. 

Next, we have an estimate of error term. 
Lemma 3.23: Suppose that Seif") = 0. Then, 

(3.83) \\S,{rn\\L?<Crl. 



Proof: It is clear that Se{f^''^) = away from the gluing region. Notes that the value of Sf- 
is supported away from the gluing region. Hence, Se = Bj over the gluing region. Then, the lemma 
follows from (Lemma A.4.3). □ 

Next we construct the coordinate charts of ^As, f^^Se- Suppose that (/, to) G ■^Se ^^Se- By 
the previous argument, we can assume that some neighborhood Uf x Bs{to) C Us,. To simplify 
the notation, we drop t-component. It is understood that s/. will not affect the argument since 
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it's value is supported away from the gluing region. Since L\{JAf^D) is a Banach manifold and 
the restriction to is a Predholm map, Ms^ H BD{Y,g,k) is a smooth V-manifold by ordinary 
transversality theorem. Let 

(3.84) f eEf cMs,nBD{Y,g,k) 

be a small sife/-invariant neighborhood. 

Theorem 3.24: There is a one-to-one continuous map 

(3.85) af:EfxBs,{Cf)^Uf 

such that im{af) is an open neighborhood of f € Mse> where 5f is a small constant. 

Proof: For any w G Ej' and small v, we would like to find an element ^{w, v) G n^dfyTpY) 
with ^ _L Ee^ and ^{w,v) G ImQfw,v such that 

(3.86) 5e((r'"')^("''")) = 0. 
Consider the Taylor expansion 

for weEf,^e n^iryTpY) with ^(eV) ± dfieV), MIl^^, < e. Then, 

(3.87) aw,v) = -Qf^.v{Sir'^)+Nf^,.{^iw,v)). 
Hence, ^{w, v) is a fixed point of the map 

(3.88) Hiw,v-0 = -Q/--(.5(r''') + Ar^«,.«(0). 
Conversely, if ^{w,v) is a fixed point, 

(3.89) 5e((r''")«(^'^)) = 0. 
Nfw,v satisfies the condition 

(3.90) \Wf^'-{vi) - Nfw,v{ri2)\\LP < Cdlmllif + \\V2\\liJ\\vi - V2\\lI^^- 
Next, we show that is a contraction map on a ball of radius 5/4 for some 6. 

\\Hiw,v;o\\Li^ < c{\\Seirn\\L^^ + \\Nf^,.mLO 
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(3.91) <Cirl + m\l. )<i 



4' 



forlieilL?' <|and2C5<l,r<(f)-|. 

l,v ^ ^ 



\\H{w, V- i) - H{w, v;v)\\l'1^<C\ |iV^»,. (^ - Nf^.. (rj) \ 



(3.92) <C{my +My M-vWl^ <25C\\C-r^\y^ . 

1,V 1,V 1,V L,V 

Therefore, if is a contraction map on the bah of radius |. Then, there is a unique fixed point 
i^(tt;,u). Furthermore, S,{w,v) depends smoothly on w. Recall that S^{w,v) is obtained by iterating 
H. One can check that 



(3.93) mw,v)\\LP <Crv. 

Our coordinate chart at / is {Ej^ x Bsj{Cf),af{v,w)) where 6f = (^)p. and 

(3.94) a/(z;,u;) = (r ''")«("''"). 

Notes that all the construction is st6j-invariant. Hence aj is sfftj-invariant. It is clear that is 
one-to-one by contraction mapping principal. Notes that Se = Bj over the gluing region. It follows 
from Proposition 3.11 and uniqueness of contraction mapping principal that is surjective onto 
a neighborhood of / in ^As^■ n 

Furthermore, Ej' x C/ has a natural orientation induced by the orientation of J, R"^ and Cj. 

Next, we show that the transition map is a C^-orientation preserving map. In the previous 
argument, we expand Se up to the second order, which is given in |F|, [MS|. To prove the transition 



map is C^, we need to expand Se up to third order. Let z = s + it he the complex coordinate of 
S^. Let v''? = Vti, + X/sS, to indicate the dependence on v. Let 

(3.95) /""'^ = expfvwr 



Let ^ G Ll^{n'^{{r)*TFY)) with Ik^H^p^, < S for small S. A similar calculation of pS | 

(Theorem 3.3.4) implies 

(3.96) dj{rr"+^) = dj{m + ^/^.-(o + d}.^^) + iv^...(e), 

where 

(3.97) Dj^.. (0 = Vli + JvU + (Ci V + C2 V" r + C2 V" w% 
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(3.98) Dj^,.^ = (Ci V" r + C2 V' + Cs^ V" 

(3.99) Nf^,.{0 = (Ci V'^ r + C2 w^)e + CsiV^CK', 

where Ci, C2, C3 are smooth bounded functions for each of the identities. Furthermore, we have 

(3.100) D^f,)^v+^ (^) = Dfu,,v^ + {2Ci sy" f + 2C2 sy" w'')w^ + C^w s/" ^ + C^w ^ + 0(u;2), 

where the coefficients of higher order terms are independent from w by (3.99). 
Lemma 3.25: The derivative with respect to w 

(3.101) ||^i^^„..(^)(^)ii^, < cdiri^p^ + \\w^\\Lij\H\LijmLiy 

(3.102) ||^A^.,.(^)(^)||^, < CdirLp^ + ||^1lLf,„)ll*llL?Jl^llip^- 

Proof: The first inequahty follows from 3.100. To prove the second inequality, recall that 

(3.103) iV;.,»(0 = SeiifT^^^) - Se{rn - ^/-(O- 

Hence 
(3.104) 

= 5e(r'"'''+'^+«) -5e((r )"'"+«) - {Seiirr^+n - Seir^'^)) - (%„).^+* (^ " I?/'',- (0) 

= D^^p^u,^+ii{w) - Dfv,w{w) - -§^Dfv,w{w){^) + 0(u;2) 

= ^^r-(0(*) - ijiDrA^m+oiw^) 

Therefore, the second inequality follows from the first one. 

Next, we consider the derivative of D,N with respect to the v. First of all. 

Lemma 3.26: Let \v — vq\ < 6 for small 6 and jy be the complex structure on T,^, there is a smooth 
family of diffeomorphism : S^,, E„ such that = id outside gluing region and 



(3-105) 



(3.106) I I ))| < _. 

ov OS ro 
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Proof: The complex structure outside the gluing region does not change. Over the gluing 
region, it is conformal equivalent to a cylinder. Constructing in the cylindric model, we will 
obtain the estimate of Lemma 3.26.n 

Suppose that we want to estimate the derivative at vq- We fix u = 7"° and the trivialization 
given by To abuse the notation, let = exppow'" . We still have the same Taylor expansion 
(3.96)-(3.100). Furthermore, we can estimate ^\v=vo i by the norms of V^°^ and the derivative 
of Hence, 

Corollary 3.27: Under the same condition of Lemma 3.26, 

(3-107) I||;|.=.o^/-(OIIl? < ^(lini^f,. + IK°ll^?.)ll|;l---1l^f,Jl^llL?v 

(3.108) \\^^u=..Nj.AmLi < ^(iinii^i. + ii-"ii^?,Jii|;i---"ii^iJi^iiii„- 



Next, we compute the derivative of Q . Recall that 

(3.109) Qj^v,w = AQ fv,m{D p,wQ p,w^ ^. 

Therefore, it is enough to compute AQp^w = (f)fQfw and {{D fv,wQ fv,w)~^)' . Clearly, 

(3.110) d^^^f"'^ = Mg^Qf-)- 

(3.111) ^AQf... = ^i<Pf)Qf.. 

Recall that in the gluing construction, only the cut-off function has variable v. Hence, we need to 
compute the derivative of the cut-off function with respect to v. 



Lemma 3.28: 



or r 



Proof: 2 
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^2, 



(3.112) +(1 - '""'"i;^"''"' ' )^(« - + - jy. 

where T(t — ■u) is a positive smooth function with compact supported and integral 1. Then, 

(3.113) \-^Pr\ < -■ 

or r 

□ 

Furthermore, we can choose Qf^ such that ^Q/w is bounded. Therefore, 

(3.114) \\-^AQfv.:v\\<C. 

d C 

(3.115) \\-E~\v=vo^Q f^^'^W < — r- 

ov \vq\ 

Notes that 

(3. 1 16) D fw,v AQ fv,w {D fw,v AQ fv,w = Id. 
Hence, 

(3.117) {(^D fw,v AQ jv,m) ~ — i^D fw,v AQ Jv,w^ ^(^Djw,vAQjv,my{^D^w,vAQfv,w^ ^. 

Combined (3. 114)- (3. 117), we obtain 
Lemma 3.29: 

d 

(3.118) \\T^Qf-A\<C. 

ow 

d C 

(3.119) ll^k='yo<5/'''"'ll < 1 — r- 



Next, let's compute the derivative of Se{f^'^)- Let € be a smooth path such that wq = w 
and j^\i^=ow„ = w. 

Lemma 3.30: For w G , we view Se{f^'^) as a map from E^ x Bs^{Cf) to Uj where we use 
local trivialization given by in Lemma 3.26. Then, 



(3.120) |||.|^^,5e(r'-'^)|L.<Cr^, 
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(3.121) \\§^\v=voSe{rn\\Ll^<Crl \ 



Proof: Se{f'"''^^) = outside the gluing region and over Np{^, 2r^). Therefore, the derivative 
is zero outside the gluing region and over Np{'^,2r^). Here, we work over a slightly larger domain 
Np^Yi, ^~^~^) so that we can vary r in a fixed domain. 

It is enough to work over A?p(y^, ^), where 

(3.124) T'-M = Pr{t){f^-{s,t)) - /r(s,o)) + f^^is + e, j). 

(3.125) 5e(r'-'') = vMifi'M) - /r'^(s,0)). 
Therefore, 

(3.126) A|^^o5e(r'"''') = S7PrmMs,t) - 

(3.127) |||_|^^o5e(r'-'')||,,. < Cr-.\\w\\c^. 

Since w varies in a finite dimensional space and w is smooth, we can replace norm by Lj'-norm. 
Hence, 



(3.128) \\-.\^^^Seir^^)\\L. < Cr-p\\w\\i^.. 



' dfj, 

When we pull it back to the S^^ by = $^) 



(3.129) Seim = vM^i{s,mr{^,{t,s)) - fr{^i{t,s),o)). 

Using Lemma 3.26 and Lemma 3.28, it is easy to estimate that 

(3.130) \^\^^^^Seim\ < c^iir iici. 

Hence, 

(3.131) ll|;l.=.o'5e(r'")||L?„ < C^^vol{N,{P^/I)r.\\n\cn < Crt\ 

Here, we use the fact that is smooth and varies in a finite dimension set Ej' with bounded 
norm. □. 

The same analysis will also implies that 
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Lemma 3.31: 

(3.132) 

for reEf. 

We leave it to readers to fill out the detail. Let F be the inverse of expfvQ. Then, 

(3.133) ll|;U.o^1l < C(i^)ll|;l--or'"llL?,„ < C{F)\\w\\r^r. 
Putting all the estimate together, we obtain 

Proposition 3.32: 

(3.134) |||.|^^oC(^^,^/.)IIl?_^ < Crl-\ 

(3.135) |||.|^^^^^(^,^)||^,^ <Cr|-\ 



Proof: Recall that 

(3.136) ^{v,w) = H{v,w,C{v,w)) = -Q/.,™5e(r'"') - Q/.,™iV/.,™(^(w, u;)). 

By Lemma 3.25-3.32, we have bound derivatives for all the term of H. Moreover, the derivative 

4 

of error term Se{f'"''^) is of the order rp. Recall ^{v,w) is obtained by iterating H. Hence, the 

derivative of ^{v,w) is bounded by 6 in (3.91) when r is small. 

(3.137) 

C'{v,w) = Q'fv,..Se{f''")-Qfv,wS'^{f''")-{Q'fv,u,Nfv,v.+Qfv,^N'fv,u,){^{v,^ 
By Lemma 3.25-3.32 and formula 3.133, 

(3.138) \\A.\^^,^^y^n^^)i\^,^^<c,ry'^ 

(3.139) I||^Im=oC(^'^^)IIl?,„ < 137^(^1^'"' + ^2||e(^,^/;)||LP J. 

Using (3.93), we obtain the inequality (3.134). The proof of the second inequality (3.135) is com- 
pletely same. Only difference is that the derivative of Q fw,v , Nfv,w has a order ^. However, we 
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4 — — 1 

have Se{f^'™),^{v,w) in the formula, where both have order Tq . Hence, we obtain the order Tq 
□ 

Let n be a map over S^, and ^ € Q,^{f*TFV). Wc define = (u^,n^) and = (^^,^^) as in 
(3.36), (3.73). Now, we want to embed Mse into U/^d x C/ by the map 

(3.140) expu^ iexpu^^v,v) 
for u over Consider the composition of (3.140) with av,w 

(3.141) a{v,w)^ : Ef x S^/C/) ^ ^^(Z^/,^) x C/. 

Proposition 3.33: a{v,w)y is -smooth. 

Proof: Our proof is motivated by the following observation. Suppose that / is a continuous 
function over R such that /(O) = and / is for x ^ 0. If |/'(a;)| < Cx" for a > 0, by mean 
value theorem /'(O) = and /' is continuous at x = 0. 

We first prove 

(3.142) ^fv^y)^fv,^ 

is a C^-map. /^'^^ = outside the gluing region. By symmetry, it is enough to consider Dp{^). 
Over Dp{2r^), 

^3^^3^ Fv'"" = Mfr{s,t) + f^{s,t)-^Js,{frisy) + f^{e + sy))) 

+2^is^ifns,r^) + f^{e+sy)) 



(3144) ilM=o(/.''"^-r'') = MMs,t) + W2{s,t)-j^Js^{Ms,r')+M0 + s,r'))) 

+ 2^ Is^iMs, r^) + M0 + r^)) 

Note that 

(3.145). \A_ j^^iij^sy)-w{sM<CA\w\\c^. 



By inserting the term ti}(s,0) in the formula (3.144), 

\ — 



(3.146) ||i_|^^o(/-.-M _ rM)||^,(^^(2r2) < Cvol{Dp{2r'))-p\\w\\ci < Cr?||u;||^P. 
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Here, we use the fact that w varies in a finite dimensional space. 

iiviu=o(r'-''-r'')iiL.(D,(2.^) 

< II \J i3r{wi{s,t) + W2is,t) - 2^ Jsi{wi{s,r^) + W2i9 + S,r'^))\\LP 
(3-147) +11^, V {wi+W2)\\LPiD,(2r^) 

< C{vol{Dp{2r^)))p\\w\\ci 



4 



9 O 

< pr r ' 



Over Np{i^ , ^ j, 

(3.147.1) /r = f2{s,t) + PrifTis + 0,t)- /r(0)). 

(3.147.2) ^\^='^^-"" - f""^ = MMs,t) - MO)). 
The same argument shows that 

(3-147.3) ll|llM-o(/r^ - r'^)ll..(^,(^,^)) < Crl\M,.. 

Using previous argument and Lemma 3.26, we can also show that 

(3-148) ll|;|.=.o(/r - DIIl? < Crf. 

Therefore, 

(3.149) . \\if:n'-in'\\<cr-p-\ 

/^'"' is for v^O. Atv = 0, the estimate (3.149) implies 

(3.150) {f:n' = in' s.tv = o. 

Moreover, (/^'^)' is continuous. The same argument together with Proposition 3.32 shows that 

(3.151) mv,w),)'\\<Crl-\ 

Hence, ^{v,w)v is a C^-map and has derivative zero at = 0. In general, 

(3.152) {expj:v,w^{v,w)v)' = Diexpfv,w^{v,w)v{fy''"y + D2expj:v,w^{v,w)v{^{v,w)y)' , 
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where Di,D2 are the partial derivatives of exp-function. 

\\{expj^^.^av,w),y-{ry\\ 

^3 ^^3^ - (r)'ll + \\D2expf^^,^av,wUav,w).y\ 

< cmv,wUL^\\if:^n'\\ + cri-' 

< cmv,wULi\\{n'\\+cri-' 

< Crv 



Notes that a{v,w)y is identity on Cj-factor. Hence, we prove the proposition. Moreover, the 

dm • 



derivative of a{v, w)^ is identity at = 0, since -S-f^ = id. □ 



Theorem 3.34: With the coordinate system given by (E'j? x Bs^{Cf),af{v,w)), A4s^ H is a 
-oriented V-manifold. 

Proof: Recall the definition 2.1. Suppose that aj{Ef x B5-{Cj)) C af{Ef x Bsf{Cf)). 
Then, stbj C stbj and we can assume that Ej' C Uj C Uj. It is clear that D is either a higher 
strata than D or D. Let's consider the case that D is a higher strata. The proof for the second case 
is the same. To be more precise, let's consider the case that D has three components Si A S2 A S3 
and D has two components Si A S2#^2^3 ^2 7^ 0. The general case is similar and we leave it to 
readers. Suppose that the gluing parameters are {vi, V2) € Ci x C2. To construct Banach manifold 
L\iUj), we need a trivialization of {j^^ S2#^2^3- we discuss in the beginning of this section, we 
can choose any trivialization. Here, we choose the one given by Lemma 3.26. Clearly, af{v,w) 
maps an open subset of Ef X ^5^(02) onto Ef diffeomorphism. Now, we embed Aise 
into Bfj by (3.140). By Proposition 3.33, both 

(3.154) af{v,w)y^,af{vi,w)v^ 

are injective C^-map. Hence, we can view the image of Aig^ ^ C^-submanifold of Bfj x Cf 

and both af{v,w)v-^^,aj'{vi,w)v-^ as C^-diffeomorphisms to this submanifold. Hence, 

(3.155) {af{v,w))~'^af{vi,w) = {af{v,w)vj^)~'^af{vi,w)y^. 
is a -diffeomorphism. 

Next, we consider the orientation. First of all, it was proved in | RT1[ (Theorem 6.1) that both 
af{v,w) and aj{vi,w) are orientation preserving diffeomorphism when vi ^ 0,V2 7^ 0. Therefore, 
it is enough to consider the case vi = 0. By our argument in Proposition 3.33 (3.150, 3.151), 

(3.157) (a/(f, w^)i)i)'Ui=o = (a/(^'2,^^'))'|^)l=o x idci, ("/(t'l, w^))Xi=o = id. 
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Moreover, af{v2,w) is an orientation preserving diffeomorphism. Hence, the transition map is an 
orientation preserving diffeomorphism. We finish the proof. □. 

4 GW-invariants of a family of symplectic manifolds 

In this section, we shall give a detail construction of GW-invariants for a family of symplectic 
manifolds. Furthermore, we will prove composition law and ^-reduction formula. Let's recall the 
construction in the introduction. 
Let 

(4.1) p:Y 

be an oriented fiber bundle such that the fiber X and the base M are smooth, compact, oriented 
manifolds. Then, Y is also a smooth, compact, oriented manifold. Let a; be a closed 2-form on Y 
such that u restricts to a symplectic form over each fiber. Hence, we can view y as a family of 
symplectic manifolds. A a;-tamed almost complex structure J is an automorphism of the vertical 
tangent bundle V{Y) such that = —Id and uj{w, Jw) > for any vertical tangent vector w ^ 0. 
Suppose A S H2{V,Zi) C H2{Y,7i). Let Mg^k be the moduli space of genus g Ricmann surfaces 
with /c-marked points such that 2g + k > 2 and Mg^k be its Deligne-Mumford compactification. 
We shall use 

to indicate that the im{f) is contained in a fiber. Consider its compactification- the moduli space 
of stable holomorphic maps Ma{Y, 9, k, J). 

Using the machinery of section 2 and 3, we can define a virtual neighborhood invariant fig. 
Here, we have to specify the cohomology class a in the definition of virtual neighborhood invariant 
US- Recall that we have two natural maps 

(4.2) Eg,k-BA{Y,g,k)^Y'' 
defined by evaluating / at marked points and 

(4.3) X9,k-'BAiY,g,k)-^Mg,k 

defined by forgetting the map and contracting the unstable components of the domain. Notes that 
Mg^k is a V-manifold. Suppose K G H*{Mg^k, R-) and G H*{V, R) are represented by differential 
forms. 
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Definition 4.1: We define 

(4.4) *rA,9,fc)(^' ai> • • • , Ofc) = fisixlkiK) A 

i 



Theorem 4.2 ('ij.^^ ^ A:)(-^' '^i' ' ' ' > "^fc) ^-^ well-defined, multi-linear and skew symmetry. 

(a). g Q^i) ■ ■ ■ ) CK/s) independent of the choice of forms K, ai representing the cohomology 
classes [K], [ai], and the choice of virtual neighborhoods. 

(Hi). ^ /c)(-^i '^1' ■ ■ ■ ' '^k) is independent of J and is a symplectic deformation invariant. 

(iv). When Y = V is semi-positive and some multiple of [K] is represented by an immersed V- 
submanifold, ^ '^i' ' ' ' > c^fc) agrees with the definition of IRT^J . 

Proof: (i) follows from the definition and we omit it. (ii) follows from Proposition 2.7. 

To prove (iii), suppose that tot is a family of symplectic structures and Jt is a family of almost 
complex structures such that Jt is tamed with tut- Then, we can construct a weakly smooth Banach 
cobordism {B^t),T(^t),S(^t)) of 

(4.5) MA{Y,g,k,J(^t^) = [Jt^[o,i]MA{Y,g,k,Jt) x {t}. 

Then, (iii) follows from Proposition 2.8 and section 3. 



To prove (iv), recall the construction of |RT2|. To avoid the confusion, we will use $ to denote 



the invariant defined in |RT2|. The construction of |RT1] starts from an inhomogeneous Cauchy- 
Riemann equation. It was known that Mg,k does not admit a universal family, which causes a 
problem to define inhomogeneous term. To overcome this difficulty, Tian and the author choose a 
finite cover 

(4.6) p,,:M';,k^Mg,k. 

such that Mg^k admits a universal family. One can use the universal family of 'Mg^k to define an in- 
homogeneous term v and inhomogeneous Cauchy-Riemann equation djf = u. Any / satisfying this 
equation is called a (J, i')-map. Choose a generic (J, u) such that the moduli space A4^(/x, g, /c, J, u) 
of (J, i^)-map is smooth and the certain contraction 'M^j^{^, g, k, J, v) of 7V(yi(/x, g, k, J, v) is of codi- 
mension 2 boundary. Define 

E^„l■.MA{^J^,g,k,J.l^)^x^ 
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and 



Xg'fe ■ Ma{i^, 9, k, J, v) Mg^k 



similarly. Then, we can choose Poincarc duals (as pscudo-submanifolds) K*,a* of K,ai such that 
K*,a* did not meet the image of A^a(M) 9j k, J, v) — A^^(/U, (/, /c, J, v) under the map x^'^ x ^^'^ 
and intersects transversely to the restriction of x^'k ^ "g'fc *o ■A4a(M) 5) Once this is done, 

^fAgkiJ.) defined as the number of the points of {Xg'^ x E'^'^)~^{K* x Hi"*)) counted by the 
orientation. Then, we define 

9,k 

where X'^ is the order of cover map (4.6). 

The proof of (iv) is divided into 3-steps. First we observe that we can replace Mg^k by A4g ^ 
in our construction. Let tt^ : Bg ^. be the projection and {£g,ki ■'^g,k) be the stablization terms for 
Mg^k- Then, we can choose ('?r^£"ff,fe, 7r*Sg,fe) to be the stablization term of M.^^k- Suppose that 
the resulting finite dimensional virtual neighborhoods are (C/, S), {U^,E^, 5'*) and invariant are 

g k)-> gk ij)^ respectively. Then, we have a commutative diagram 

(4.7) i i 



and 



U ^ E 



(4.8) i I 

U ^ V^XMg,k 

Let A be the order of the cover pjj ^ U and A' be the order of the cover pa E^^ ^ E. One 
can check that 

(4.9) A = A'A^_,. 

Let B be a Thom-form supported in a neighborhood of zero section of E. Then, 

*&,5,fc)(^;«i'---'«fc) = /f/x;,fe(i^)AH;,(n,«.)A5*(e) 

= -X iu.ix'g,knp;m a (s^,j*(ni «,) a ipusn@) 

^"^■^^^ - ^ lu^ixlkTiP^iK)) A (S^,,)*(n^a,) A isnjrpu®)) 



>h,'^lA,gMiPU^y^"'ir--,Oik) 
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where jtPq{0) is a Thorn form of E^^. Therefore, it is enough to show that 

vD^ = S)^ 

{A,g,k,n) {A,g,k,ij)- 

The second step is to deform Cauchy-Riemann equation Bjf = to inhomogeneous equation 
Bjf = V. Consider a family of equations Bjf = tv. We can repeat the argument of (ii) to show 
that g fc /i) independent of t. 

Let ii3g'^,Tg'^,Sg'l^) be VNA smooth compact V-triple of M.^A{g,k, J,v) and define 
similarly. For the same reason, the virtual neighborhood construction applies. The third step is to 
construct a particular finite dimensional virtual neighborhood (C/^, Sl^) such that the restriction 

(4.11) X'S X H^;,^ : Uii - X M^, 

is transverse to K* x Hi ■ 

First of all, since we work over R, we can assume that each a* is represented by a bordism 
class, and hence an immersed submanifold by ordinary transversality. By the linearity (i), we can 
assume that K* is represented by an immersed V-submanifold. Hence, K* x J|j a* is represented 
by an immersed -submanifold (still denoted by K* x Hi ct*)- We first assume that K* x a* is an 
embedded V-submanifold. Recall that K* x WiO* does not meet the image of MA{lJ',g,k,J,i') — 
A1^(/x,5, k, J, v) and intersects transversely to the image k, J, u). Therefore, 

(4.12) {x'S X r.^g%)-\K* X n «*) n M'a{9, k, J, i^) 

i 

is a collection of the smooth points of M.A{g,k, J,u). It implies that is surjective at x G 

ixZ X S^:D"n^* X UiC^n nM':,{g,k,J,u) and 

(4.13) 5{x^;; X S^^,) : KctLa - x M^, 

is surjective onto the normal bundle of K* x J^^ ctj. Hence, the same is true over an open neighbor- 
hood W of (x^;^ X S^;^)-i(K* X llia*)nMA{fi,g,k,J,u). We cover MA{f^,g,k,J,iy) by W and 
U" such that 

(4.14) u" n (x^;,^ X h^,,)-Hk* X n «D = 0. 

i 

Then, we construct (£^^, s^) such that = over U' — U" . Suppose that (i7^, E\^, S^) is the finite 
dimensional virtual neighborhood constructed by , s^). It is easy to check that 

(4.15) {x^g% X ^%)-\K* X n «n n Uli CW- U". 
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On the other hand, 
(4.16) 



= over U' - U" . 



It imphes that 

(4-17) {XZ X ^'Sr'^K* X n^*) n Uli = ^.^l((,-x-p-(i.*xa<)n>t.(M,.,M,.))- 

i 

It is easy to observe that the restriction of Xg'k ^ '^g'k *° transverse to K* x Hi Q^i • 

Since K* x H^a* is Poincare dual to K x JJj^ai, (x^'^ x x HiQ!*) is Poincare dual 

to ix'^fk X Sp:D*(^ X ni«^)- Therefore, 

When K* X Hi c^i is an immersed V-submanifold, there is a V-manifold N and a smooth map 

H -.N ^X^ X M^g^k 

whose image is K* x Hi «*• Then, we replace Xg]k ^ '^g]k Xg]k x -^'^ x ^ and if* x Hi a* by 
the diagonal of {X^ x in the previous argument. It will implies (iv). □ 

It is well-known that the projection map p : Y ^ X defines a modular structure on if*(y, R) 
by H*{M,K), defined by 

(4.18) a- f3 = p*{a) 

where a G H* (M, R) and /3 G H* {Y, R) . GW- invariant we defined behave nicely over this modulo 
structure, which is the basis of the modulo structure of equivariant quantum cohomology (Theorem 
I)- 

Proposition 4.3: Suppose that ai G H*{Y,R),a G H*{M,'R). Then 

ai, ■ ■ ■ , a • Oj, ■ ■ ■ , Oj, ■ • • , afe) 

(4.19) = ^'(^,p,fe)(-^; ai, • • • , tti, ■ ■ ■ , a ■ Oj, • • • , Ofe). 
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Proof: By the definition, 

Oil,--- ,Oli,--- ,Olj,--- , Oik) 

Let 

and A be the diagonal of V''. A crucial observation is that 



E:,:BAiY,g,k)^Y'^ 



is factored through 



(4.20) B,,k %'p-\A)'''-^^'yK 



Furthermore, for any i 
(4.21) 



^p-i(A)(°'i X ■ ■ ■ X a • aj X ■ ■ ■ Qjfe) 



= p*(za(1 X • • • X a(') X • • • X 1)) A i*-i(A)(ai x ■ ■ ■ x x • • • a^) 
where we use a^*) to indicate that a is at the i-th component. However, 

(4.22) 4(1 x • • • x X • • • X 1) = a = 4(1 x • • • x a^-^^ x • • • x 1). 
Hence, 

(4.23) "g,fe("i X ■ ■ • X a • aj X ■ ■ ■ ak) = ^^.(ai x ■ ■ ■ x a • aj x • • • afe). 



Then, 



*M,g,fc)(-f^; ai, ■ ■ ■ , a • aj, • ■ ■ , a^, • • • , ajfc) 



= *M,o.w(-^; Oil, • ■ • , ttj, • • • , tt • ttj, • ■ ■ , Q!fe)- 



□ 

As we mentioned in the introduction, there is a natural map 
(4.24) TT : Mg,k Mg,k-i 

by forgetting the last marked point and contracting the unstable rational component. One should 
be aware that there are two exceptional cases {g, k) = (0, 3), (1, 1) where tt is not well defined, vr is 
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not a fiber bundle, but a Lefschetz fibration. However, the integration over the fiber still holds for 
TT. In another words, we have a map 

(4.25) TT* : H*(Mg,k, R) ^ H*-\Mg,k-i, R). 

For a stable J-map / € Ma{Y, 9, k, J), let's also forget the last marked point x^- If the resulting 
map is unstable, the unstable component is either a constant or non-constant map. If it is a 
constant map, we simply contract this component. If it is non-constant map, we divided it by the 
larger automorphism group. Then, we obtain a stable J-map in M.A{Y,g, k — 1, J). Furthermore, 
we have a commutative diagram 

Xg,k ■■ Ma{Y, g, k, J) Mg,k 

(4.26) I TT i TT 

Xg,k-i ■ Ma{Y, g,k-l,J) Mg,k-i 
Associated with tt, we have two k-reduction formulas for ^^Aq k)- 
Proposition 4.4. Suppose that {g,k) ^ (0,3), (1,1). 

(1) For any ai, • • • , a^-i in H*(Y, R), we have 

(4.27) ^'f^_^_^)(K;ai,---,afc_i,l) = ^'f^^^_;^_,)(7r*(K); ai, • • • , afc_i) 

(2) Let ak be in H\Y,R), then 

(4.28) ^lA,g,k)iT'*{Ky,ai, - ■ ■ ,ak-i,ak) = akiA)^lA,9,k-i)iK;ai, - ■ ■ ,ak-i) 
where aj^ is the Poincare dual of ak- 

Proof: Let (S^(y, g, k),J^A{Y, g, k),S^j^) be the VNA smooth Banach compact V-triple of AiA{Y, g, k, J). 
Following from our construction of last section, we have commutative diagram 

Xg,k •■ BA{Y,g,k) Mg^k 

(4.29) I TT i TT 

Xg,k-i ■ BA{Y,g,k) Mg,k-i 

Furthermore, TA{Y,g,k) = Tr*TA{Y,g,k — 1). Using the virtual neighborhood technique, we con- 
struct {£, s) and a finite dimensional virtual neighborhood {Ug^k-i, Eg^k-i, Sg^k-i) of AiA{Y,g, k — 
1, J). We observe that the same {£, s) also works in the construction of finite dimensional virtual 
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neighborhood of MA{Y,g,k,J). Let {Ug^k, Eg^k, Sg^k) be the virtual neighborhood. Then, Eg^k is 
the pull back of Eg^k-i by tt : Bg^k ^g,k-i- There is a projection 

(4.30) TT : Ug,k ^ Ug,k-i. 
Then, 

(4.31) Sg^k = Sg^k-i^T^- 
Hence, 

(4.32) Slk{Q) = '^*Slk-m. 
Moreover, 

k-l k-1 k-1 

(4.33) -IkiW «^ A 1) = (H,,fc_i7r)*(n «.) = vr*H;,_i(n Oi,). 

1 11 

Furthermore, 

(4.34) '^*xlk{K) = xlk-i{'^*{K)). 
So, 

*rA.,fc)(^;«i'---'"fc-i'l) = /t/,..x;,fc(i^)AH*^,(n?-'aiAl)A5;,(G) 
(4 35) = ^*(K,ki^) A vr*(H;,(nr^ «.) A 5* ,_,(G))) 

= *(A,g,fc)(^*(^);«l'---'«fe-l) 

On the other hand, for G H'^{Y, R), 

fc-i fe-i 

(4.36) S;_fe(n Aafe) = 7r*S*^;t_i(n a^) Ae^(afc), 

1 1 

where 

(4.37) ei:BA{Y,g,k)-^Y 

is the evaluation map at the marked point Xk- One can check that 

(4.38) M4io^k)) = ak{A). 
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Therefore, 
(4.39) 

= vr*(x;,fe(^*(i^)) A H;,(nt a, A a^) A S;,,(e)) 

= lu^^^^^ xlk-iiK) A H;^,_,(nt-^ a.) A 5;,_i(e) A ^.(e^(afc)) 

= afc(^)^'(^^g^fc_i)(i^;ai,---,afc-i) 

□ 

Let be the universal curve over Mg^k- Then each marked point Xi gives rise to a section, 
still denoted by Xj, of the fibration Ug^k ^ -^g.k- If ^u\M denotes the cotangent bundle to fibers 
of this fibration, we put = x*{K,ii\j^). Following Witten, we put 

(4.40) (rdi,„irrf2,«2 •••rd,,„,)g(g) = ^ ^fA,g,k)^Kdi,-4k^{ai}) 

where G if*(yiQ) and [Kii-^^...^d,^] = ci{C{]^Y^ U • • • U ci(£(fc))'^* and q is an element of Novikov 
ring. Symbolically, r^^a's denote "quantum field theory operators". For simplicity, we only consider 
the cohomology classes of even degree. Choose a basis {l3a\i<a<N of H*'^^^^{y, Z) modulo torsion. 
We introduce formal variables t", where r = 0, 1, 2, • • • and 1 < a < A^. Witten's generating function 
(cf. [W2]) is now simply defined to be 



rir.a r,a 



(4.41) F^{K;q) = {e^r^^'>-^^^iq)X'^-2 = ^11^ (IK^t) i'l)>^'' 



where rij-^a are arbitrary collections of nonnegative integers, almost all zero, labeled by r, a. The 
summation in (4.40) is over all values of the genus g and all homotopy classes A of J-maps. 
Sometimes, we write to be the part of F-^ involving only GW-invariants of genus g. Using 
the argument of Lemma 6.1 (| RT2| ), Proposition 4.4 implies that the generating function satisfies 
several equation. 

Corollary 4.5. Let X be a symplectic manifold. F^ satisfies the generalized string equation 

(4.42) 



F^ satisfies the dilaton equat 



ton 



where x{^) the Euler characteristic of X. 
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Next, we prove the composition law. Recall the construction in the introduction. Assume 
g = gi + g2 and k = ki + k2 with 2gi + ki > 3. Fix a decomposition S = SiU S2 of {!,■ ■ ■ ,k} 
with \Si\ = ki. Recall that ds '■ -^gi.fci+i x -^c/2,A:2+i -M-g^k-, which assigns to marked curves 

(Sj; x\, - ■ ■ , x\^j^-^) {i = 1, 2), their union Ei U S2 with x\^j^^ identified to x\ and remaining points 
renumbered by {1, • • • , k} according to S. Clearly, im{9s) is a V-submanifold of Mg,k, where the 
Poincare duality holds. Recall the transfer map 

Definition 4.6: Suppose that X, Y are two topological space such that Poincare duality holds over 
R. Let f : X ^ Y. Then, the transfer map 

(4.44) /, : H* (X, R) ^ H* {Y, R) 

is defined by f\{K) = PD{f^{PD{K))). 

We have another natural map defined in the introduction ji : M.g-\^k+2 ^ •^g,k by gluing 
together the last two marked points. Clearly, im{^) is also a V-submanifold of Mg^k- 

Choose a homogeneous basis {Pb}i<b<L of H*{Y,Ti). Let (rjab) be its intersection matrix. Note 
that r]ab = Pa ' Pb = a the dimensions of Pa and Pb are not complementary to each other. Put 
(r/"*) to be the inverse of (rjab)- Let 6 C Y x Y he the diagonal. Then, its Poincare dual 

(4.45) S* = J2v'"'Pa^Pb. 

a,b 

Now we can state the composition law, which consists of two formulas. 

Theorem 4.7: Let G H^.{Mg^^ki+l^^) (i = 1)2) and Kq G H^{Mg-i^k+2,^)- For any 

ai , • • ■ , afe in H* (Y, R) . Then we have (1). 

(4.46) 

'^jA,g,k)i{(^sUK^^K2]){ai}) 

= (_l)c^e.(X.)E^^,c^e.K) ^ E*f^,,,.,+i)(i^i;{a.},<,,/?a)r?»^*f^,,,,,,,+l)(if2;/3.,K},>.) 

A=Ai+A2 a,b 

(2). 

(4-47) ^\j^^g^^p^{Ko)-ai, • • • ,afc) = E *fA,fl-i,fc+2)(^o; «i, • • ■ ,ak, Pa, Pb)v'''' 

a,b 

Proof: The proof of the theorem is divided into two steps. First of all, 

(4.48) X9,k:SA{Y,g,k)^Mg,k 
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is a submersion. B^^^g^^ = Xgki^iTT-i^s)) is a union of some lower strata of Ba(Y, g, k). Moreover, it 
is also weakly smooth. Consider weakly smooth Banach compact-V triple {Bijji{es)''^im{0s)' '^im(es))- 
We can use it to define invariant The first step is to show that 

(4.49) ^lA,g,k)iHK);ai, ■■■,ak) = ^{A,es)iK; ai, • • • , a^). 

Let {im{9s))* be the Poincare dual of im{9s)- {im{6s))* can be chosen to be supported in a 
tubular neighborhood of im{9s), which can be identified with a neighborhood of zero section of 
normal bundle. For any K € H*{im{9s),'R), we can pull it back to the total space of normal 
bundle (denoted by Kj^ ^). Then, Kj^ ^ is defined over a tubular neighborhood of im{9s)- Since 
{im{9s))* is supported in the tubular neighborhood, 

(4.50) {im{9s)rAKj^^^ 
is a closed differential form defined over Mg^k- In fact, 

(4.51) k{K) = {im{9s)r AKj^^ ^. 

First we construct that (iS, s) for (^64^(51^), .7^jm(es)) 'S'im(es-))' Suppose that the virtual neighborhood 
is {Uijn{es)T ^imesT ^im{es))- ^^^^ extend s over a neighborhood in BA{Y,g,k). Then, we con- 
struct s' supported away from im{9s)- Suppose that the stabilization term is {6 ® S',s + s') such 
that 

L^ + s + s' + S{xg,k) •■ T^Bg^k ®S®£' ^T^x T^^^,(x)Mg,k 
is surjcctivc over U in the construction of (4.14-4.16). Suppose that the resulting finite dimensional 
virtual neighborhood is {Ug^k, E © Sg^k)- Then, 

(4.52) Xg,k ■■ Ug,k Mg,k 
is a submersion and 

(4-53) Xgi{im{9s)) = E'^^^^,^^ c C/,,, 

is a V-submanifold. Then, v* u{{im{9s)Y) is Poincare dual to E[j . Choose Thorn forms 0i, 62 

of E, E' Therefore, 

(4.55) 

*rA,,,.)(^! «i> ■ ■ ■ > = Iu„,iMOs)r) A xlkiKj^^,, A S;,(n, a,) A Sl,i@^ A 62) 

= k..,es^.nm'/G' xlkiK^J A El,{n, a,) A Sl,{@, A 0^) 
= /t/,„„,)X*,.WAS*,,(n,aOA5,%(ei) 
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The second step is to show that can be expressed by the formula (1). By the construction 

in the last section, we have a submersion 

(4.56) e^;+i X e^Vi ■ BA{Y,gi,h + 1) x ^^(^,52,^:2 + l)^YxY 
such that 

(4.57) U (<ViX<%i)~'(A)=^7n.(..) 

Ai+A2=A 

where 6 C Y x Y is the diagonal. By Gromov-compactness theorem, there are only finite many 
such pairs (^1,^2) we need. Notes that 

(4-58) iet^\, X ei\,)-\A) n (e^^, x e£^,)-i(A) 

may be nonempty for some (^1,^2) ^ {A[,A2). But it is in lower strata of Bi^(^gg^ of codimension 
at least two. Furthermore, by the construction of the section 3 

We want to construct a system of stabilization terms compatible with the stratification. The idea is to 
start from the bottom strata and construct inductively the stabilization term supported away from 
lower strata. The same construction is crucial in the construction of Floer homology. We choose to 
wait until the last section to give the detail (called a system of stablization terms compatible with 
the corner structure in the last section). Let si, S2 be the stablization terms for 

(BA,iY,gi,k, + l),TAd9uKi + l),<,^fei+i)' (BAAY,gi,ki + 1), ^^,(^,51, Ki + l),<,%+i). 
Suppose that the resulting virtual neighborhoods are 

By (4.56) and adding sections if necessary, we can assume that 

(4-60) et;^, X ei^^, : U^^],^^, x ufX+. -^YxY 

is a submersion. Let 

(4.61) Ua„a, = {el\, X ei\,r\A) c uf^],^^, x U^^^,. 

One consequence of our system of stabilization compatible with the stratification is 



UauA2 n Ua'^^a'^ 
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is a V-submanifold of codimension at least two for both Uax,A2 f^A'^.A^ if (^15^2) 7^ (^'1)^2)- 
Then, 

(4.62) ( U Ua,,A2.E®E\Sa,^Sa,) 

Ai+A2=A 

is a finite dimensional virtual neighborhood of {Bim{es)^-^im{es)i^im(es))- Moreover, we can choose 
stabilization term such that both E and E' are of even rank. Let 5* be the Poincare dual of 5. 
Then, {e^^^^j^i x ef^k^+iTi^*) is Poincare dual to Uai,A2- Therefore, 

^rA,es)(^i xK2;{ai}) 

As;,(n.«.)A5i^(ei)A5i^(G2) 



(4.63) 



fll,fcl + l 92>'=2 + l 



AxlkiKi X K2) A El .iUi a,) A 5^^(61) A 5^^(62) 

V, xIm+i(Ki) a H*,,fc,(nf^ «.)(e^,V+i)*/3a A (Gi) 

si,fcl+i 

V. (x*2,fc2+i(^2)e^/,,,+i)*/3, A El,,M>k. «.) A 51,(62) 

92. '=2 + 1 

= (_l)rfe<;(X2) *=lde<;(a,) ^^^^^^^^ 

^a,bV''''^jA,9uk,+l)(Kl-d<^ih<k,,Pa)^lA,,g2M+^^^ 

The Proof of (2) is similar. We leave it to readers. 

Corollary 4.8: Quantum multiplication is associative and hence there is a quantum ring structure 
over any symplectic manifolds. 



Proof: The proof is well-known (see [RTlj]). We omit it. □ 



Here, we give another application to higher dimensional algebraic geometry. Recall that a 
Kahler manifold W is called uniruled if W is covered by rational curves. As we mentioned in the 
beginning, Kollar showed that if is a 3-fold, the uniruledness is a symplectic property pCl| . 
Combined Kollar's argument with our construction, we generalize this result to general symplectic 
manifolds. 

Proposition 4.9: If a smooth Kahler manifold W is symplectic deformation equivalent to a 
uniruled manifold, W is uniruled. 
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First we need following 

Lemma 4.10: Suppose that N CY is a submanifold such that for any x & Mn = {A4a{Y, 9, k, J)n 

(4.64) CokerL^ = and S{ei) : Te^(x)Y 

is surjective onto the normal bundle of N. Then, Mn is a smooth V-manifold of dimensional 
ind — Cod{N) and 

(4.65) *f^,^,,^.i)(K;7V*,ai,. ..,«,) = (_i)cie.Wdep(iV*) f ^*^^^^^k) AEl^qja^). 

J Mn 



Proof: Since ei : Bg^k+i -^Y is a submersion, we can construct {S, s) such that s = over a 
neighborhood of A^at and 

ei\u -.U^Y 

is transverse to N, where {U,E,S) is the virtual neighborhood constructed by {S,s). Therefore, 
(4.66) {ei\u)-\N) = Em^ 

is a smooth V-submanifold of U. Thus, el{N*) is Poincare dual to E_\4^. 
(4.67) 

= (-l)'^^('')'^^('^*)/£;^,X*,,+i(i^)AS;,(ni«.)A5*(0) • 

□ 

Proof of Proposition 4.9: If "ifJj^Q i^_^i>^{K;pt, ■ ■ ■) ^ 0, then W is covered by rational curves. 
Otherwise, there is a point xq where there is no rational curve passing through xq. 

(4.68) MN = MA{Y,0,k,J)ne];\N) = $ 

for any A, k. The condition of Lemma 4.10 is obviously satisfied. By Lemma 4.10, 

^lA,o,k+i)iK;pt,---)=0 

and this is a contradiction. 
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Since GW-invariant "^^^^ ^^-^^{K;pt, ■ ■ ■) is a symplectic deformation invariant property, it is 
enough to show that if W is uniruled, "^J^^ j^^^j{K;pt,ai, ■ ■ ■ ,ak) ^ for some K, ai,---,ak- 
Assuming Lemma 4.10, Kollar showed some ^^Qg~^{pt;pt,a,(3) is not zero for some A and a,/3. 
His argument uses Mori's machinery. Here we give a more elementary argument to show that 

(4.69) *(A,o,fc+i) {Pt;pt,ai,--- ,ak) ^0 

for some A and some Oi with A; >> 0. Then, using the composition law we proved, we can derive 
Kollar's calculation. 

First, we repeat some of Kollar's argument. By for a generic point xq, MA(W,0,k, J) n 
e^^{xQ) satisfies the condition of Lemma 4.10 for any A. Next choose such that 

(4.70) H{Ao) = minA{H{A);MA{W, 0, k, J) D e^^xo) + 0}. 
where H is an ample line bundle. Then, one can check that 

(A7A(W,0,fc, J) -7Wa(VF,0,A:, J)) ner^(xo) = 0. 

Furthermore, M.xq = -M-AiW, O, k, J) D e^^ (xq) is a compact, smooth, complex manifold. In partic- 
ular, it carries a fundamental class. 
Next, we show that 

(4.71) Eo,k ■■ ^ 
is an immersion for large A; >> 0. For any / € Mxq, 

(4.72) TfMxo = {v^ H\rTV); v{xo) = 0}. 

Since € H^{f*TV) is holomorphic, there are finite many points X2, ■ ■ ■ , x^+i such that if for any 
Vf with Vf{xi) = for every i, Vf = . One can check that 

(4.73) mo,k)i{v) = {v{x2),---,v{xk)). 

Therefore, (5(Ho,a,.) is injective. 

Since Ho,fc is an immersion, Ho,fc(-A^xo) C is a compact complex subvariety of the same 
dimension. Hence, it carries a nonzero homology class [Ho,fc(A^xo)]- Furthermore, (Ho,fc)*([Al2:o]) = 
A[Ho,fc(Alxo)] for some A > 0. By Poincare duality, there are ai, ■ ■ ■ ,ak such that 

(4.74) n«^([^o,A.(A^x„)])^0. 



66 



By Lemma 4.10, 



(4.75) 



{A,g,fc+l)(^'*;^'*'"l'---'«fc) 



□ 



5 Equivariant GW-invariants and Equivariant quantum cohomol- 

ogy 

We will study the equivariant GW-invariants and the equivariant quantum cohomology in detail in 
this section. The equivariant theory is an important topic. It has been studied by several authors 



[AB|, | GK ]. As we mentioned in the |R4|, equivariant theory is the one that usual Donaldson 
method has trouble to deal with, where there are topological obstructions to choose a "generic" 
parameter. But our virtual neighborhood method is particularly suitable to study equivariant 
theory. In our case, one can attempt to choose an equivariant almost complex structure and apply 
the equivariant virtual neighborhood technique. However, a technically simpler approach is to view 
the equivariant GW-invariants as a limit of GW-invariants for the families of symplectic manifolds. 



This approach was advocated by |GK], where they formulated some conjectural properties for the 
equivariant GW-invariants and the equivariant quantum cohomology. First work to give a rigorous 
foundation of the equivariant GW-invariants and the equivariant quantum cohomology was given 



by Lu |Lu| for monotonic symplectic manifolds, where he used the method of [RTl], |EIT2]. Here, 
we use the invariants we established in last section to establish the equivariant GW-invariants and 
the equivariant quantum cohomology for general symplectic manifolds. 

Let's recall the construction of the introduction. Suppose that G acts on {X,uj) as symplec- 
tomorphisms. Let BG be the classifying space of G and EG — > BG be the universal G-bundle. 
Suppose that 

(5.1) BGi C BG2 • • • C BGm C BG 

such that BGi is a smooth oriented compact manifold and BG = UiBGi. Let 

(5.2) EGi C EG2 • • • C EGra C BG 

be the corresponding universal bundles. We can also form the approximation of homotopy quotient 
Xg = X X EG/G by Xq = X x EGi/G. Since ui is invariant under G, its pull-back on F x EGi 
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descends to Vq. So, we have a family of symplectic manifold Pj : X* ^ BGi. Applying our previous 
construction, we obtain GW- invariant ^(^^gk)- define equivariant GW- invariant 

(5.3) ^rgi,^,,) G Hom{H*(Mg,k, R) ® {H*{Vg, R))®^ H*{BG, R)) 

as follow: 

For any D G H^{BG,Z), D e H^{BGi,Z) for some i. For any K G H*{Mg^k,^), Tr*{K) G 
H*(Mg,k+i,'R)- Let ixi^ : X}. ^ Xq. 

Definition 5.1: For ai G R), we define 

(5-4) *gi,,,,)(i^,ai, • • ■,ak){D) = *g.,fc+i)(vr*(i^); z;,^(ai), • • ■ , i*^,^{ak) , P* {D%a,)) , 

where DsGi Poincare dual of D with respect to BGi ■ 

Theorem 5.2: (i). ^f^gk) "i-^ independent of the choice of BGi. 

(a). If ut is a family of G -invariant symplectic forms, ^^^j.) is independent ofut- 

Proof: The proof is similar to the third step of the proof of Proposition 4.2(iv). Choose a 
G- invariant tamed almost complex structure J on X. It induces a tamed almost complex structure 
(still denoted by J) over every Xq. Clearly, there is a natural inclusion map 

(5.5) MAiXh, g, k, J) C Ma{xI., g, k, J) for i < j. 

Suppose that {Bi,J^i,Si) is the configuration space of M.A{XQ,g,k,J). Then, there is a natural 
inclusion. 

(5.6) {Bi, J=i, Si) C (B,-, Tj , Sj) for i < j. 

We first construct {Si,Si) for {Bi,J^i,Si). Suppose that the resulting finite dimensional virtual 
neighborhood is {Ui,Ei,Si). Then, we extend Sj over Bj. Since La + Si is surjective over Ui C Bi. 
We can construct {£j, Sj) such that Sj = over Ui and La + Si + Sj is surjective over Uj. Suppose 
that the resulting finite dimensional virtual neighborhood is {Uj,Ei Ej, Sj). Then, 

Uj n {£j)B, = {Ej)u, C Uj 

is a V-submanifold. Let 

(5.7) : B, 



68 



be the evaluation map at Xk+i- Then, we can choose Sj, Sj such that the restriction of e^.^^^ to Uj 
is a submersion. Furthermore, since (Xq) = Bi, 

(5-8) {ei^,)-HXh)nUj = {Ej)u,. 

Notes that 

(5.9) Sjoi = Si, 

where i : {Ej)u. Uj is the inclusion. Choose Thom forms 0j, Qj of Ei, Ej. Let's use lij to denote 
the inclusion Bi C Bj, BGi C BGj and Xq C Xq and define ^, ^ similarly. Then 

(5-11) ^ik ° lii = h0g,k. and xik ° ^ij = X^k- 

Furthermore, 

(5.12) D*sG, = {Iij)lD*BG,- 



Let {BGi)j be the Poincare dual of BGi in BGj. Choose {BGi)j supported in a tubular neighbor- 
hood of BGi- By Lemma 2.10, 

(5-13) D%a, = {D%GjBG,/^{BGi)*. 

Furthermore, P*{{BGi)*) is Poincare dual to X}. in X^,. Hence, (e^_^J*P/((5Gj)*) is Poincare 

dual to (Ej)ij.. 

(5.14) 

= lu, xi,k+ii^*{K)) A El,{Umi*^Aarn)) A (ei+i)*P;(^BG,) A 5*(e, x 6,) 

= /[/, A 4,,(n™i^^(a„)) A {eU^rP*{{D%a,)BG,) A (ei+i)*i^*((BGO*) A 5*(e, x 6,-) 

= /(E,)^, xi,k+ii^*m A H^,,(n™^;,a«m)) a (eUi)*^*(^BG,) a 5;(e. x e,) 

= h Xl,k+ii^*m A H^^,(n„ i;,aa„)) a (el+i)*^*(^BG,) A .S*(G,) 

= *fi:.,fe+i)(^*(^);^k(«i)' • • • ,ikK)>^*(^BG.)) 



(ii) follows from the same property of ^' g. □ 

As we discussed in the introduction, for any equivariant cohomology class a € Hq{X), we can 
evaluate over the fundamental class of X 

(5.15) a[X] € H*{BG). 
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Furthermore, there is a modulo structure by HQ^pt) = H*(BG), defined by using the projection 
map 

(5.16) Xg BG. 

The equivariant quantum multiphcation is a new multiphcation structure over Hq{X, A^^) = 
H*{Xg-, A^) as follows. We first define a total 3-point function 

(5.17) ^'p^^^)(ai,a2,a3) = ^(A,o,3)(P*; «i' «2, "s)?^- 

A 

Then, we define an equivariant quantum multiplication by 

(5.18) (aXQG/3)U7[X] = ^f^^^)(ai 

Theorem I: (i) The equivariant quantum multiplication is skew- symmetry. 

(ii) The equivariant quantum multiplication is commutative with the modulo structure of H*{BG). 

(Hi) The equivariant quantum multiplication is associative. 

Hence, there is a equivariant quantum ring structure for any G and any symplectic manifold V 

Proof: (i) follows from the definition. By the proposition 5.2, for any a G H*(BG,IV), 

^f},g,k+i)i^*i^y^ ■ ■ ■,Pi{iBGj*ia) A i*^Uaj), • • • ,^x^(afc), ^^*Pbg,)) 

= ^^A,g,k+i) (^* (^) ; % («) , ("2) , • • • , ix'^ (afc) > (^BG J* (a) A P* (D^^J) 

(5.19) = vi/j5^^,^^(vr*(K);i^a«),^Xfe(«2)r--,ix^(«fc),^*(^BGj*(a 

= *Ji°3,fc+i)(^*(^);^x^(a)>^x^("2)r--,«x^(afc),i^*(^BGj*((a(^)B^^ 

= *(A,3,fc)(^'«l'"2,--- ,aA:)(a(-D)) 

Then, (ii) follows from the definition. 

The proof of (iii) is the same as the case of the ordinary quantum cohomology. We omit it. □ 



6 Floer homology and Arnold conjecture 

In this section, we will extend our construction of previous sections to Floer homology to remove 
the semi-positive condition. Floer homology was first introduced by Floer in an attempt to solve 
Arnold conjecture |^]. The original Floer homology was only defined for monotonic symplectic 
manifolds. Floer solved Arnold conjecture in the same category. The Floer homology for semi- 



positive symplectic manifolds was defined by Hofer and Salamon [HS|. Arnold conjecture for 
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semi-positive symplectic manifolds were solved by [HS| and Q. Roughly speaking, there are two 



difficulties to solve Arnold conjecture for general symplectic manifolds, i.e., (i) to extend Floer 
homology to general symplectic manifolds and (ii) to show that Floer homology is the same as 
ordinary homology. For the second problem, the traditional method is to deform a Hamiltonian 
function to a small Morse function and calculate its Floer homology directly. This approach involved 
some delicate analysis about the contribution of trajectories which are not gradient flow lines of 
a Morse function. It has only been carried out for semi-positive symplectic manifolds Q. But 



the author and Tian showed [RT3] that this part of difficulties can be avoided by introducing a 
Bott-type Floer homology, where we can deform a Hamiltonian function to zero. The difficulty to 
extend Floer homology for a general symplectic manifold is the same as the difficulty to extend 
GW-invariant to a general symplectic manifold. Once we establish the GW- invariant for general 
symplectic manifolds, it is probably not surprising to experts that the same technique can work for 
Floer homology. Since many of the construction here is similar to that of last several sections, we 
shall be sketch in this section. 



Let's recall the set-up of [HS|. Let {X,uj) be a closed symplectic manifold. Given any function 



on X X 5^, we can associate a vector field Xu as follow: 

(6.1) oj{XH{z,t),v) =v{H){z,t), ior any V & T^V 

We call H a periodic Hamiltonian and Xh a Hamiltonian vector field associated to H. Let (ptiH) 
be the integral fiow of the Hamiltonian vector field Xh- Then (piiH) is a Hamiltonian symplecto- 
morphism. 

Definition 6.1. We call a periodic Hamiltonian H to be non- degenerate if and only if the fixed- 
point set F{(f)i{H)) of 4>i{H) is non-degenerate. 

Let C{X) be the space of contractible maps (sometimes called contractible loops) from into X 
and C{X) be the universal cover of C{X)^ namely, /^{X) is as follows: 

(6.2) C{X) = {(x,u)\x € C{X),u: D'^ ^ X such that x = u\qo2}/ ~, 

where the equivalence relation ~ is the homotopic equivalence of x. The covering group of C over 
C is 'n2{y)- We can define a symplectic action functional on C{X), 

(6.3) aH{{x,u))=( u*to+ I H{t,x{t))dt 
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It follows from the closeness of a; that an descends to the quotient space by ~. The Euler-Lagrange 
equation of qh is 



(6.4) 



u-XH{t,u{t)) =0 



Let Ti{H) be the critical point set of an, i-c, the set of smooth contractible loops satisfying the 
Euler-Lagrange equation. The image R(i?) of R(i?) in C{V) one-to-one corresponds to the fixed 
points of <j)i{H) and hence is a finite set. Since (f)i{H) is non-degenerate, it implies that R(-ff) 
is the set of non-degenerate critical points of a{H). But R(-ff) may have infinitely many points, 
which are generated by the covering transformation group 7r2(T^). 
Given {x,u) G R(-ff), choose a symplectic trivialization 



of u*TV which extends over the disc D. Linearizing the Hamiltonian differential equation along 
x{t), we obtain a path of symplectic matrices 



Here the symplectomorphism cpt : X ^ X denotes the time-t-map of the Hamiltonian flow 



Then, ^4(0) = Id and ^(1) is conjugate to d(f)i{x{0)). Non-degeneracy means that 1 is not an 
eigenvalue of ^(1). Then, we can assign a Conley Zehnder index for A{t). We can decomposed 
R{H) as 



where Ri(-ff) consists of critical points in R(-ff) with the Conley-Zehnder index i. 

To define Floer homology, we first construct a chain complex and a boundary map (C*(X, H),S). 
The chain complex 



: R- 




A{t) = $(i)-^#t(x(0))$(0) G 5p(2n,R). 



4>t = VHt{ct>t). 



R{H) = UiRi{H) 



(6.5) 



C*{X,H) = ^iCi{X,H). 



where Ci{X,H) is a R- vector space consisting of J2ix{x)=i^(.^)^ where the coefficients ^(x) satisfy 
the finiteness condition that 



{x;^{x) / 0,aH{x) > c} 
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is a finite set for any c G R. We recall that the Novikov ring Aj^ is defined as the set of formal sum 
Y,AeTT2{x) ^Ae^ such that for each c > 0, the number of nonzero with uj{A) < c is finite. For 
each {x,Ux) e R-(-ff), we define 

where # is the connected sum operation in the interior of disc Ux- It is easy to check that 

(6.6) n{e^{x,Ux)) = 2Ci{A) + ii{x,ux). 

It induces an action of Novikov ring A^^ on (V, H) . 

Next we consider the boundary map, where we have to study the moduli space of trajectories. 
Let J(x) be a compatible almost complex structure of lo. We can consider the perturbed gradient 
flow equation of an- 

J'{u{s,t)) = — + J{u)— + S7Hit,u) = 0, 

where we use s to denote the time variable and t to denote the circle variable. At this point, we 
ignore the homotopic class of disc, which we will discuss later. Let 

M = {u:5^ xR^R|jr(u)=0,Mu)= / {\ — \'^ + \J{u)— + \jH{t,u)\^)dsdt<oo}. 

Js^xR. OS at 

Because a{H) has only non-degenerate critical points, the following lemma is well-known. 

Lemma 6.3. For every u G Jv{, Usit) = u{s,t) converges to x±{t) G R(-ff) when s — > ±00. If H 
is non- degenerate, Ug converges exponentially to its limit, i.e., \us — ti±oo| < Ce~^^^^ for s > \T\. 

By this lemma, we can divide M. into 

M= U J), 

where 

M.{x~ , x^ ; H , J) = {u & M.\ lim Ug = x" , lim. Ug = x'^\. 

s— >— 00 s— >oo 

Clearly, R^ acts on M.{x~ , x^ ; H , J) as translations in time. Let 

(6.7) M{x-,x+-H,J) = M{x-,x-^-H,J)/B}. 

M (x^ , ,T+ ; H, J) consists of the different components of different dimensions. For each (x^ ,u^), ix~^ , u 
R(i7), let M{{x~,u~),{x~^,u'^);H,J) be the components of M{x~ ,x~^; H, J) satisfying that 

{x+,u~#u) ^ (x+,ii+) 
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for any u G n~), {x^ , u+); J). Then, the virtual dimension of A^((x~, u~), (2;+, m+); H, J) 

is u"*") — fj,{x~ ,u~) — 1. 

Next, we need a stable compactification of ^A{x~ ,x^; H, J). 

Definition 6.4: A stable trajectory (or symplectic gradient flow line) u between x~,x~^ consists 
of trajectories uq G A4{x~ , xi; H, J),ui G M{xi, X2', H, J) ■ ■ ■ ,Uk G A4{xk,x^) and finite many 
genus zero stable J -maps f,---,fm with one marked point such that the marked point is attached 
to the interior of some Ui. Furthermore, if Ui is a constant trajectory, there is at least one stable 
map attaching to it (compare with ghost bubble). We call two stable trajectories to be equivalent if 
they are different by an automorphism of the domain. For each stable map f, we define E{f) = 
oo{A) and denote the sum of the energy from each component by E{u). If we drop the perturbed 
Cauchy Riemann equation from the definition of trajectory and Cauchy Riemann equation from the 
definition of genus zero stable maps, we simply call it a flow line. 

Suppose that n^), (x"*", u^); i/, J) is the set of the equivalence classes of stable tra- 

jectories u between x'^^x'^ such that E{u) = a{x~^) — a{x^) and {x'^ ffu) = (x^,n^) . Let 
B{{x~ ,u~), {x~^ ,u~^)) be the space of corresponding flow lines. A slight modification of PW| ] shows 
that 

Tlieorem 6.5:( [pW| )>f((x~, u"), J) is compact. 

We will leave the proof to readers. 

The configuration space is Bs{{x^ ,u~), (x^ ,u~^))-tlie space of flow lines converging exponen- 
tially to the periodic orbits {x~ ,u~), (x"*", u"*"). Next, we construct a virtual neighborhood using the 
construction of section 3. Since the construction is similar, we shall outline the difference and leave 
to readers to fill out the detail. The unstable component is either a unstable bubble or a unstable 
trajectory u G Bs{{x^ ,u^), {x^ ,u'^)) where ^^^((x^, n~), n+)) is the space of C°°-map from 

X (—CO, 00) converging expentially to the periodic orbits. When n is a unstable trajectory, u is 
a non-constant trajectory and has no intersection point in the interior. Theirfore, R acts freely on 
Maps{{x^ jU"), (a;+,n+)) We want to show that 

(6.8) Bs{{x',u~), (x+, = Maps{{x-,u-), (x+, n+))/R 

is a Hausdorff Frechet manifold. Using the same method of Lemma 3.4, we can show that 

Bs{{x~,u~), (x+,n+)) 
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is HausdorfF. For any u E Bs{{x ,u ), we can construct a slice 

(6.9) 

Wu = {u^;w G Q^{u*TV),Ws converges expentially to zero and ||^«||i;,p < e, ||w||ci(Z)ig(e)) < 1. -^(e)}, 

where ^ is injective at e. Let u G Bs{{x~ ,u~), be a stable trajectory. Recall that for 

closed case, the gluing parameter for each nodal point is C. For the trajectory, it satisfies the 
perturbed Cauchy Riemann equation. In particular, the Hamiltonian perturbation term depends 
on the circle parameter. Therefore, the rotation along circle is not a automorphism of the equation. 
The gluing parameter is only a real number in R+. If we have more than two components of broken 
trajectories. The gluing parameter is a small ball of 

(6.10) Ik = {{vi,---,Vky,Vi G Kkvi > 0}, 

where A; + 1 is the number of broken trajectories of u. We call u a corner point. 

Remark: A minor midifi,caMon of Siebert's construction (Appendix) is needed in this case. For the 
trajectory component, H^,H^ should be understood as the space of sections which are exponentially 
decay at infinity. Recall that the vanishing theorem of was proved by certain Weitzenbock 
formula, which still holds in this case. 

The obstruction bundle J-s{{x^,u~),{x~^,u^)) can be constructed similarly. Sometimes, we 
shall drop u~ , u'^ from the notation without any confusion. 

For the corner point, a special care is need to construct stabilizing term s^- ,^+. The idea is 
to construct a stabilized term first in a neighborhood of bottom strata. Then, we process to the 
next strata until we reach to the top. Furthermore, we need to construct stabilization terms for 
all the moduli spaces of stable trajectories at the same time. We can do it by the induction on 
the energy. Since there is a minimal energy for all the stable trajectories, the set of the possible 
values of the energy of stable trajectories arc discrete. We can first construct a stabilization term 
for the stable trajectories of the smallest energy and then proceed to next energy level. By the 
compactness theorem, there are only finite many topological type of stable trajectories below any 
energy level. To simplify the notation, let's assume that the maximal number of broken trajectories 
for the element of Bs{x~ ,x'^) is 3 and there are three energy levels. We leave to readers to fill out 
the detail for general case. Suppose that u = {ui,U2,U2), where Uj is a trajectory connecting x^~^ 
to attached by some genus zero stable maps. Moreover, +. Since Ui is 

not a corner point, we can construct s^. in the same way as section 3. Here, we require the value 
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of to be compactly supported away form the gluing region. Note that over 



Bs{x ,x^) X Bs{x^,x'^) X Bs{x'^,x~^), 



the obstruction bundle J^s{x ,x^) is naturally decomposed as 



(6.11) 



J^six ,x^) X J^s{x^,x^) X J^six^,x'^)- 



Then, s„j x x is a section on 



Bs{x ,x^) X Bs{x^,x'^) X Bs{x'^,x~^) 



supported in a neighborhood of u. Since its value is supported away from the gluing region, it 
extends naturally over a neighborhood of n in B^^x^ , x^). We multiple it by a cut-off function as 
we did in the section 3. Then, we can treat s^i x s„2 x s^s as a section supported in a neighborhood 
of u in Bs{x~ ,x~^). By the assumption. 



is compact. We construct finite many such sections such that the linear lization of the extend 
equation 



to indicate that it is supported in neighborhood of third strata. Next, let's consider the next strata 

M{x^,x^) X M{x^,x^) UM{x^,x'^) X M{x'^,x^). 

Two components are not disjoint from each other. Then have a common boundary in the bottom 
strata. By our construction, the restriction of S3 over next strata is naturally decomposed as 

^tx-,Xl) ^ ^fxi,X + )^^fx-,X2) ^ ^tx2,X + )- 

Then, we construct a section of the form 



M{x ,x^) X M{x^,x'^) X M{x'^,x~^) 



is surjective over the bottom strata. Let 



S3 = X] 




{x-,xi) ^ ^{xi,x+)'^{: 



{x-,X2) 
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supported away from the bottom strata. Then, we extend it over a neighborhood of the second 
strata in Bsix" ,x'^). Over the top strata, we construct a section supported away from the lower 
strata. In general, the stabilization term s^.- 3.+ is the summation of Sj, where Sj is supported in a 
neighborhood of i-th. strata and away from the lower strata. Suppose that the corresponding vector 
spaces are 

(6.12) S"'^-.^+ =l[S,. 

i 

We shall choose 

(6.13) @.-,.+ = ll®i' 

i 

where Gj is a Thorn form supported in a neighborhood of zero section of Ei. with integral 1. 
We call such {sx-^j.+ ,@x-^x+) compatible with the corner structure and the set of {sx-,x+t®x-,x+) 
for all x~,x'^ a system of stabilization terms compatible with the comer structure. Suppose that 
{^x-,x+j®x-,x+) is compatible with the corner structure. It has following nice property, (i) s^- 3,+ = 
s*+s;, where s* is supported away from lower strata and s; is supported in a neighborhood of strata, 
(ii) the restriction of si to any boundary component preserves the product structure. Namely, we 
view 

(6.14) dBs{x-,x+) = \JBs{x~,x) xB5(x,x+). 

X 

The restriction of si is of the form 

(6.15) \J^x-,x^ s^,x+ X {0}- 

X 

Let {U^-^r^+,£^ '^^ J Sx-,x+) be the virtual neighborhood. Then, 17^-^^+ is a finite dimensional 
V-manifold with the corner. 

9Ux- ,x+ = [J _ xU +' 

X 

where Ux-^xi Ux^x+ ai's the virtual neighborhoods constructed by Sx-^xi Sx,x+ ^'^'^ is the product 
of other Ei factors. 

When ijl{x'^) = n{x~) + 1, dimU^- .^+ = degQj.- .^+. We define 



<{x+,u+),ix-,u-)>= I Sl-^^^Q 
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where {sx-,x+j^x-,x+) is compatible with the corner structure. When n{x'^) < ijl(x )+1, dimUx-^x+ < 
deg&x- ,x+^ define 

(6.17) <{x+,u+),{x-,u-)>= I 5*_^^+e^-,^+ = 0, 

U — 4 



For any x G Ck{X, H), we define a boundary operator as 

(6.18) Sx = ^ < x,y > y. 

2/eCfc_i 

Novikov ring naturally acts on C^,{V,H) by e^{x,u) = {x,u#A) for A G Tr2{X). Furthermore, 
it is commutative with the boundary operator. Next, we show that 

Proposition 6.6: (5^ = 0. 

Proof: 

(6.19) S^x = ^ ^ <xy><y,z>z. 

Let < x,z >^= X^ygCfc-i < xy X ^ >• ■'■t is enough to show that 

(6.20) <x,z>'^=0. 

Consider M.{x, z; H, J). Its stable compactification M{x, z; H, J) consists of broken trajectories 
of the form {uq,ui; fi, . . . , fm) for uq £ M{x,y]H,J),ui £ M{y,z;H,J). Choose compatible 
(sa;,2, 61,2). The boundary components 

(6.21) dBs{x,z)=[jBx,y^By,z, 

y 

where Bx,y, By^z are the configuration spaces of M{x, y, H, J), A4{y, z; H, J), respectively. Further- 
more, J^x,z is naturally decomposed,i.e., 

Suppose that the resulting virtual neighborhood by Sx,z is {Ux,z, E^'^, Sx,z)- Then, 

(6-23) dUx,z = [jE"l^^Uy,.- 

y 

Note that dimUx,z = degQx,z + 1- 

= Ju^J*x^zdi@x,z) 
~ IdUx,z ^x,z(.^x,z) 
(6-24) = j:yIu.,y.Uy,SSx,yXSy,znex,yXey,z) 

= J2y<x,y><y,z> 

= T.y&c\_^<x,y><y,z>, 
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where the last equahty comes from (6.17). We finish the proof. □ 

Definition 6.7: We define Floer homology HF^{X, H) as the homology of chain complex H), 6) 

Since the action of Novikov ring is commutative with the boundary operation 6, Novikov 
ring acts on HF^,{X, H) and we can view HF^{X, H) as a A^^-module. 

Remark 6.8: The boundary operator 5 may depend on the choice of compatible G^,- However, 
Floer homology is independent of such a choice. 

Proposition 6.9: HF*{X, H) is independent of {H,J) and the construction of the virtual neigh- 
borhood and the choice of compatible Q^- 3.+ . 

The proof is routine. We leave it to the readers. 
Theorem 6.10: HF^{X,H) = H^^{X,K^) as a K^-module. 
Corollary 6.11: Arnold conjecture holds for any symplectic manifold. 

The basic idea is to view HF^{X, H) and H^{X,A^) as the special cases of the Bott-type 



Floer homology [RTS], where H^{X, A^) is Floer homology of zero Hamiltonian function. The 
isomorphism between them is interpreted as the independence of Bott-type Floer homology from 
Hamiltonian functions. Instead of giving the general construction of Bott type Floer homology, we 
shall construct the isomorphism between HF^{X, H) and H<^{X,Ai^) directly. It consists of several 
lemmas. 

Let ili{X) be the space of the differential forms of degree i. Let Cm{V, A^) = 0j+j=mri^"'^*(X)(g) 
Al, where we define degie"^) = 2Ci{X){A). For a G Q^'^-^X), define 5{a) = da £ f]2n-(*-i)^ ^^^^ 
boundary operator is defined by 

(6.25) <5(a®A) = 5(a)«)AGC7^_i(y,A^). 
Clearly, its homology 

(6.26) H{C,{V,A^),6) = H,{V,A^). 

Consider a family of Hamiltonian function Hs such that Hg = for s < — 1 and Hg = H for 
s < 1. Furthermore, we choose a family of compatible almost complex structures J{s,x) such that 
Js = J for s < — 1 is //-admissible. Moreover, Jg = Jq for s > 1. Consider the moduli space of the 
solutions of equation 

HiJs), m) = ^ + J{t, s, u{t, s))— - VH 
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X (— oo, +cxd) is confer mal equivalent to C — by the map 

(6.27) : 5^ X (-oo, +oo) C. 

Hence, we can view u as map from C — {0} to V which is holomorphic near zero. By remov- 
able singularity theorem, u extends to a map over C with a marked point at zero. In another 
words, lims_>_oo Ug = pt. Furthermore, when the energy E(u) < oo, u(s) converges to a periodic 
orbit when s ^ oo by Lemma 6.3. Let M.{pt,x~^) be the space of u such that lim^-^ooUs = x'^. 
M{pt,x'^) has many components of different dimensions. We use M.{pt, A;x''^ ,u'^) to denote the 
components satisfying uH^u^ = A. Consider the stable compactification M.{pt, A;x^ ,u^) in the 
same fashion. The virtual dimension of M. {pt, A; x'^,u'^) is //(x"^ , ■""*") — 2Ci {V) (A) . Choose the sta- 
bilization terms {spt^A,x+j®pt,A,x+) compatible with the corner structure. Its virtual neighborhood 
{U(A; x^ ,u'^), E(A; x~^ ,u'^), S{A;x^ ,u'^)) is a smooth V-manifold with corner. Notice 

(6.28) d{B{A;x+,u+)) = [j B{pt,A;x,u) xB{{x,uy,{x+,u+)). 

{x,u) 

By our construction, 

(6-29) d{U{A;x+,u+)) - (J £;&V;-,„)xc/((.,«);(x+,«+))- 

{x,u) 

Moreover, 

(6.30) S{A,x+,u+)\q(^u(A;x+,u+)) = U S{A;x,u) x 5((x,u); (x+,u+)). 
Let e_oo be the evaluation map at — oo. We define a map 

^■.C„,{V,A^)^C„,{V,H) 

by 

(6.31) tlj{a,A;x'^,u'^) = ^ < a, A; /x"*" > (x+, u+), 

i=n{x+,u+)-2Ci{V){A) 

where 

(6.32) <a,A;x+,iJ,+ >= f e*_^a A S{A;x+ ,u+)*@{A;x+ ,u+). 

Ju(A;x+,u+) 

Lemma 6.12: (i) 5-0 = i/jS. 

(iijtp is independent of the virtual neighborhood compatible with the corner structure. 
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Proof of Lemma: The proof of (ii) is routine. We omit it. 
To prove (i), for a G J^2n-(j+i)(j5s:), 



(6.33) <Sa,A;x+,n+ >= [ e*a A S{A;x+ ,u+ye{A;x+ ,u+) 

JdU(A;x+,u+) 

= E / e*_M^SiA;x,ure{A-x,u) [ S{{x,u); {x+ ,u+)re{x,uy, {x+ ,u+)). 

(a;,«) •^'^(^'^'") Jui(x,uy,ix+,u+)) 

However, 

dim{U{A;x,u)) - deg{@{A;x,u)) = iJ,{x,u) - 2Ci{V){A) < deg{a) 
unless Ijl{x,u) = /x(x"'",u+) + 1. Hence, 

IdUiA-x+,u+) P A S{A; x+,u+re{A; x+,u+) 
= J2n{x,uMx+,u+)+i Iu{A;x,u) « ^ ^i^'^ u)*e{A; X, u) 

Iu{{x,u);{x+,u+)) S{{x,uy, {x+,U+))*e{x,uy, {X+,U+)) 

□ 

Therefore, induces a homomorphism on Floer homology. 

Consider a family of Hamiltonian function Hg such that = for s > 1 and Hg = H for 
s < — 1. Furthermore, we choose a family of compatible almost complex structures J{s,x) such 
that Js = J for s < — 1. Moreover, J; = Jq for s > 1. Consider the moduli space of the solutions 
of equation 

//II nil 

HiJs), [Hs]) = ^ + J{t, s, u{t, s))— - VH 

X (— oo, +oo) is conformal equivalent to C — by the map 
(6.35) e-' : x (-oo, +oo) ^ C. 

Hence, we can view u as map from C — {0} to V which is holomorphic near zero. By removable 
singularity theorem, u extends to a map over C with a marked point at zero. In another words, 
lim<j^oo Us = pt. Furthermore, when the energy E{u) < oo, u{s) converges to a periodic orbit when 
s — >■ — oo by Lemma 6.3. Let A4{pt,x~) be the space of u such that lim^j^-ooiis = x~. Ai{pt,x~) 
has many components of different dimension. We use M{x~ ,u~;pt,A) to denote the components 
satisfying u~ij^u = A. The virtual dimension of M.{x~,u~) is iJ.{x~ ,u'~) — 2Ci{V){A). Consider the 
stable compactification M.{x~ ,u~;pt, A) and its configuration space Bs{x'',u'~;pt,A). Choose the 
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stabilization terms (sa;-;pt) ©x-.pt) compatible with the corner structure. Furthermore, by adding 
more sections, we can assume that the evaluation map Cqo is a submersion. Then, we define 

^:Cm{V,H)^Cm{V,A^) 

by 

(6.36) (t>{x',u') = < x',u';A> e^. 

A 

where 

(6.37) < x-,u-;A >= {eoo)*S{x- ,u-; Afeix' ,u-; A) £ n^''-'{X) 
for i = fi{x~,u-) - 2Ci{X){A). 

Lemma 6.13:(i)<j)6 = 5(f). (ii)(p is independent of the choice of the virtual neighborhood compatible 
with the corner structure. 

Proof: The proof of (i) is routine and we omit it. To prove (i), 
(6.38) 

d < x~ ,u~; A > 

= {coo) *dS {x~, u~; A)* Q{x',u~; A) = {eao\du{x- ,u-;A))*S{x' ,u' ; A)*Q{x' ,u' ; A) 

= EMx,n)=Mx-,«-)-i(eoo)*5'(x, u; A)*Q{x, u; A) ju{(x- ,u-);(x,u)) S{{x- ,u-); (x, u)yQ{{x~ ,u~)] (x 

= (j)6{x~,u^). 

□ 

Lemma 6.14:4>ip = Id and ipcf) = Id as the homomorphisms on Floer homology. 
Proof: The proof is tedious and routine. We omit it. 



7 Appendix 



This appendix is due to B. Seibert [31]. We use the notation of the section 2. 



Lemma Al: Any local V-bundle of BA(y,g,k) is dominated by a global V -bundle. 

Proof: The construction of global ^-bundle imitates the similar construction in algebraic 
geometry. First of all, we can slightly deform u) such that [oj] is a rational class. By taking 
multiple, we can assume [w] is an integral class. Therefore, it is Poincare dual to a complex line 
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bundle L. We choose a unitary connection y on L. There is a hne bundle associated with the 
domain of stable maps called dualized tangent sheaf A. The restriction of Ac on C is Ac(xi, . . . , Xk)- 
the sheaf of meromorphic 1-form with simple pole at the intersection points xi,... ,Xk- Xc varied 
continuously the domain of /. For any / G I3AiY,g, k), f*L is a line bundle over dom{f) with a 
unitary connection. It is well-known in differential geometry that f*L has a holomophic structure 
compatible with the unitary connection. Note that L doesn't have holomoprhic structure in general. 
Therefore, f*L Ac is a holomorphic line bundle. Moreover, if D is not a ghost component, 
uj{D) > since it is represented by a J-map. Therefore, Ci{f*L){D) > 0. For ghost component, 
Ac is positive. By taking the higher power of f*L (g) Ac, we can assume that f*L (g) Ac is very 
ample. Hence, H^{f*L Ac) = 0. Therefore, £f = H^{f*L (g) Ac) is of constant rank. It is easy to 
prove that £ = ^fSf is bundle in terms of topology defined in Definition 3.10. 

To show that £ dominates any local ^-bundle, we recall that the group ring of any finite group 
will dominate (or map surjectively to) any of its irreducible representation. So it is enough to 
construct a copy of group ring from £f. However, stbf acts effectively on dom{f). We can pick 
up a point x G dom{f) in the smooth part of dom{f) such that stbf acts on x effectively. Then, 
stbf{x) is of cardinality \stbf\. By choose higher power of f*L Ac, we can assume that there is a 
section v E £f such that v{x) = l,v{g{v)) = for G stbf,g ^ id. Then, stbf{v) generates a copy 
of the group ring of stbf. 
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